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P R E F A C E 

I n t r o d u c t o r y F a s t R e a c t o r P h y s i c s A n a l y s i s i s e s s e n ­
t i a l l y the l e c t u r e no t e s of a s e m i n a r c o u r s e . The l e c t u r e s 
w e r e p r e s e n t e d a s a p a r t of the p r o g r a m s of the Scuola di 
S p e c i a l l i z z a z i o n e in I n g e g n e r i a N u c l e a r e of the U n i v e r s i t y of 
Bo logna and of the C e n t r o di C a l c o l o (Bologna) of the C o m i t a t o 
N a z i o n a l e E n e r g i a N u c l e a r e of I t a ly du r ing the a c a d e m i c y e a r 
1962-1963 by the au tho r du r ing a y e a r ' s v i s i t a s a c o n s u l t a n t 
and l e c t u r e r . The l e c t u r e s w e r e a l s o p r e s e n t e d a t the C o m ­
i t a t o ' s C a s s a c i a C e n t e r , n e a r R o m e , in the s u m m e r of 1963. 

The l e c t u r e s had the p r i m a r y p u r p o s e of t e a c h i n g 
the r u d i m e n t s of fas t r e a c t o r p h y s i c s "with e m p h a s i s on c a l -
cu la t iona l a n a l y s e s . The sub j ec t m a t t e r w a s c h o s e n a s an 
i n t r o d u c t i o n to fas t r e a c t o r a n a l y s e s for p e r s o n s r e a s o n a b l y 
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p r e s e n t a d i r e c t l y p r a c t i c a l c o u r s e which a t the s a m e t i m e 
\vould i n t r o d u c e suff ic ient sub j ec t m a t t e r to enab le the s t u ­
dent to s e n s e the p o s s i b l e p i t f a l l s in bl ind a d h e r e n c e to r e c i p e 
c a l c u l a t i o n s "which a r e so t e m p t i n g b e c a u s e of the r e a d y a v a i l ­
ab i l i t y of m u l t i g r o u p c r o s s - s e c t i o n s e t s and r e a c t o r m a c h i n e 
c o d e s . 

The s e c t i o n a l d i v i s i o n s of th is r e p o r t do not n e c e s ­
s a r i l y c o r r e s p o n d exac t l y to the d i v i s i o n s of the l e c t u r e s . 

The a u t h o r w i s h e s to acknowledge the kind inv i t a t ion 
of the C e n t r o di C a l c o l o of C .N.E .N. which r e s u l t e d in the 
p r e p a r a t i o n and p r e s e n t a t i o n of the l e c t u r e s e r i e s . 
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INTRODUCTORY FAST REACTOR PHYSICS ANALYSIS 

by 

David Meneghetti 

ABSTRACT 

This report consists essentially of the lecture notes 
of a course in fast reactor physics analysis presented by the 
author. The subject mat ter is that of an introduction to cal-
culational analyses of fast reactor physics for persons rea­
sonably familiar with thermal reactor physics. Included are 
discussions of fast reactor charac ter i s t ics , breeding, multi-
group methods, c ross -sec t ion definitions and evaluations, 
d iscrete ordinate t ransport methods, t ransport approxima­
tion, Bjsj method, asymptotic diffusion theory, equilibrium 
spectra , resonance effects, per turbat ionanalys is , shape fac­
tor, lifetime, delayed-neutron fraction, reactivity-period r e ­
lations, coupled sys tems, sodium void effect, and Doppler 
effect. 

I. INTRODUCTION 

Nuclear reac tors may be classified by the distribution in energy of 
the neutron flux, i .e. , the energy distribution of the neutrons producing 
fission in the fuel. Table I l is ts the approximate energy ranges. 

Table I 

ENERGY RANGE OF THE PREDOMINANT REACTOR CLASSIFICATIONS 

Reactor Classification 

Degree of Moderation 

Predominant Energy 
Range 

Thermal 

Thermalized 

<1 eV 

Intermediate 

Par t ia l ly 
Thermalized 

~1 eV -*~10 keV 

Fas t 

Unthermalized 

>10 keV 

The energy distribution of prompt fission neutrons have been approx­
imated by the semi-empir ica l relation:^! ' 

(E) - a E sinh , / b E , 

where if a = 1, and b = 2, c = 0.484, with E expressed in MeV. The 
spectrum is shown in Fig. 1. The constants a re not, however, identical for 
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Fig . 1. E n e r g y S p e c t r u m of 
F i s s i o n N e u t r o n s 

the v a r i o u s f i s s i o n a b l e m a t e r i a l s . 
F o r e x a m p l e , m e a s u r e m e n t s ! ' ^ ' gave 
a = 1.036, b = 2 .29 , and c = 0.4527 for 
U , and r e c e n t m e a s u r e m e n t s w J 
gave a = 1.05 ± 0 .03 , b = 2.3 ± 0 .10 , 
and c = 0.465 for U^" . 

The e n e r g y d i s t r i b u t i o n of 
flux in a t h e r m a l r e a c t o r i s p r i m a r ­
ily due to the s lowing down of the 
n a s c e n t f i s s i o n - s o u r c e d i s t r i b u t i o n 
by e l a s t i c c o l l i s i o n p r o c e s s e s wi th 
the l ight nuc l e i of the m o d e r a t i n g 
m a t e r i a l s . T h i s r e s u l t s in a p r o ­
g r e s s i v e e n e r g y l o s s of the n e u t r o n s 
in the l a b o r a t o r y s y s t e m of c o o r d i ­

n a t e s . A n o n t h e r m a l i z e d n e u t r o n of any e n e r g y E' f u r t h e r m o r e h a s e q u a l 
p r o b a b i l i t y of r educ t i on of i t s e n e r g y to any e n e r g y E which is b e t w e e n 
a E ' and E ' , w h e r e a = ( A - I / A + l)^ upon any s ing le e l a s t i c c o l l i s i o n event 
wi th nuc le i of m a s s n u m b e r A. Th i s r e s u l t s in an i n c r e a s i n g flux va lue 
with d e c r e a s i n g ene rgy . This flux " p i l e - u p " r e a c h e s i t s c o n c l u s i o n in 
the M a x w e l l - B o l t z m a n n t h e r m a l d i s t r i bu t i on . The i n t e g r a t e d m a g n i t u d e 
of t h i s t h e r m a l d i s t r i b u t i o n in a non leakage c a s e d e p e n d s upon the b a l a n c e 
be tween the "p i l i ng -up" due to m o d e r a t i o n and the i n t e g r a t e d t h e r m a l a b ­
so rp t ion of the n e u t r o n s a r r i v i n g at t h e r m a l e n e r g i e s . The a b s o r p t i o n 
dur ing slowing down is e i the r n e g l e c t e d o r c a n be c o n s i d e r e d to o c c u r in 
definite ene rgy r e g i o n s , such a s , for e x a m p l e , the e p i - c a d m i u m U c a p ­
t u r e r e s o n a n c e s . 

This t r a n s f o r m a t i o n of the f i s s i o n - s o u r c e d i s t r i b u t i o n , s (E) , into the 
flux d i s t r i b u t i o n can be r e a d i l y seen for the c a s e of a l a r g e (negl ig ib le 
l eakage) h y d r o g e n - m o d e r a t e d s y s t e m . ! ' R e c a l l i n g tha t for h y d r o g e n a 
n e u t r o n of ene rgy E' can be changed in e n e r g y to E b e t w e e n E ' and z e r o 
with equal l ikel ihood by an e l a s t i c co l l i s ion , one ob t a in s the usual co l l i s i on 
dens i ty i n t e g r a l ba l ance equat ion: 

/ " " S „ ( E ' ) 0 ( E ' ) 
23(E)0(E) = s(E) + / ^ ' ^ d E ' . 

The flux solut ion is 

0(E) ( E ) 

Zg(E) E 2 1(E) L s (E ' ) dE ' 

a s m a y be ve r i f i ed by subs t i t u t i on . 



At v e r y l a r g e e n e r g i e s the i n t e g r a l i s s m a l l r e l a t i v e to s ( E ) / Z s ( E ) , 
so that for Sg(E) = cons t , the flux d i s t r i b u t i o n is t ha t of the f i s s ion s o u r c e . 
As the m e d i a n e n e r g y of s(E) i s about 2 MeV, at E < 1 MeV the i n t e g r a l 

/* oo 

t e r m p r e d o m i n a t e s . F u r t h e r m o r e , when / s (E ' ) dE ' i s for p r a c t i c a l con-
•JE 

s i d e r a t i o n s cons t an t , below ~0 . 1 MeV the 0(E) v a r i e s a s I / E if 2g (E) is 
cons tan t . 

TAIL OF FI SSI ON-
DISTRIBUTION 

Fig . 2. G e n e r a l F e a t u r e s of T h e r m a l 
S y s t e m F l u x (Not to Scale) 

The g e n e r a l f e a t u r e s of the 
flux d i s t r i b u t i o n in a t h e r m a l s y s t e m 
a r e shown in F ig . 2. 

In c o n t r a s t , the e n e r g y d i s ­
t r i bu t i on of the flux in a n o n m o d e r -
a ted , ( i . e . , fast) s y s t e m i s l a r g e l y 
d e t e r m i n e d by modi f i ca t ion of the 
f i s s ion s p e c t r u m by i n e l a s t i c s c a t ­
t e r i n g p r o c e s s e s of the fas t n e u t r o n s 
with the a t o m s of fuel, f e r t i l e , coo l ­

ant , and s t r u c t u r a l m a t e r i a l s (such as U U" Na, and F e ) of fas t r e a c t o r s . 

I n e l a s t i c s c a t t e r i n g is c h a r a c t e r i z e d by a t h r e s h o l d e n e r g y below 
which the i n t e r a c t i o n is z e r o . A n e u t r o n upon being i n e l a s t i c a l l y s c a t t e r e d 
to be low the t h r e s h o l d by one or m o r e i n e l a s t i c co l l i s i ons can s u b s e q u e n t l y 
l o s e add i t iona l e n e r g y only by the n e a r l y neg l ig ib le e n e r g y m o d e r a t i o n by 
e l a s t i c c o l l i s i o n s wi th the m o d e r a t e l y heavy and heavy e l e m e n t s p r e s e n t o r 
by the p r e s e n c e of s o m e l i g h t e r a t o m s such a s oxygen or c a r b o n p r e s e n t a s 
ox ides or c a r b i d e s of the fuel and f e r t i l e m a t e r i a l s . In any c a s e , the 
slowing-do"wn eff ic iency by e l a s t i c c o l l i s i o n s is not suff icient to o v e r c o m e 
a b s o r p t i o n s and l e a k a g e l o s s e s dur ing th is m o d e r a t i o n . An i n c r e a s i n g flux 
wi th d e c r e a s i n g e n e r g y i s t h e r e f o r e not p r o d u c e d , but r a t h e r a modi f ied 
and shif ted f i s s i o n - t y p e d i s t r i b u t i o n maximunn is p roduced . 

E x a m p l e s of i n e l a s t i c i n t e r a c t i o n s a r e the t h r e e lowes t l eve l s ( i . e . , 
45, 150, and 700 keV) and nunnerous h ighe r l eve l s in U^ , w h i c h i s f r equen t ly 
a p r i n c i p a l d i luen t and f e r t i l e m a t e r i a l in both c o r e and b lanke t r e g i o n s of 
fas t r e a c t o r s . The c a l c u l a t e d c u r v e s in F i g . 3 ind ica te the g e n e r a l f e a t u r e s 
of t h r e s h o l d and q u a s i - p l a t e a u s h a p e s of the l eve l s as ca l cu la t edv* ' by the 
s t r o n g - c o u p l i n g s t a t i s t i c a l m o d e l . 

It is to be no ted tha t the t h r e s h o l d s of the lower - ly ing l eve l s for the 
heavy f i s s i l e and f e r t i l e i s o t o p e s a r e low in e n e r g y r e l a t i v e to the bulk of 
the f i s s i on s p e c t r u m d i s t r i b u t i o n . The low- ly ing l e v e l s thus affect the en ­
t i r e f i s s ion s p e c t r u m by shif ts in e n e r g y . A n e u t r o n having e n e r g y above 
a g iven t h r e s h o l d wi l l l o se upon i n e l a s t i c co l l i s i on an i n c r e m e n t of e n e r g y 
a p p r o x i m a t e l y e q u a l to the va lue of the t h r e s h o l d e n e r g y if c e n t e r of m a s s 
to l a b o r a t o r y c o r r e c t i o n s a r e n e g l e c t e d . 
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As a l a r g e f r ac t ion of the 
n a s c e n t f i s s i on s p e c t r u m l i e s above 
such t h r e s h o l d e n e r g i e s , the i n e l a s ­
tic i n t e r a c t i o n s r e s u l t in i n c r e m e n t a l 
shif ts of the e n t i r e o r i g i n a l s o u r c e 
d i s t r i b u t i o n . F u r t h e r m o r e , t he c r o s s 
s e c t i o n s for a b s o r p t i o n s canno t n e c ­
e s s a r i l y be n e g l e c t e d r e l a t i v e to the 
i n e l a s t i c c r o s s s e c t i o n s . B e c a u s e of 
the v a r i a t i o n s of m o s t c r o s s s e c t i o n s 
with e n e r g y , a bulk t r e a t m e n t for a b ­
s o r p t i o n p r o c e s s e s , such a s the r e s ­
onance e s c a p e f ac to r of t h e r m a l 
r e a c t o r a n a l y s e s , h a s not b e e n p r a c ­
t i ca l . The flux d i s t r i b u t i o n in e n e r g y 
i s a l s o qui te s e n s i t i v e to c o m p o s i t i o n 
and l e akag e p r o p e r t i e s of the fas t 
s y s t e m . 

F ig . 3. Ca lcu la t ed I n e l a s t i c L e v e l s 
in U " " (Ref. 4) 

The m o d e of m o d i f i c a t i o n of 
the f i s s ion s p e c t r u m by i n e l a s t i c and 
a b s o r p t i o n m a y be s e e n by c o n s i d e r ­
ing an i d e a l i z e d s imp l i f i ed e x a m p l e . 
Suppose 2^^(E) a s t ep funct ion wi th 

t h r e s h o l d Et and 2^ a cons tan t a b s o r p t i o n c r o s s sec t ion . Then the u n c o l -
l ided, f i r s t co l l i s ion , second co l l i s ion , e t c . , s o u r c e s ( see F ig . 4) a r e given 
by the e x p r e s s i o n s : 

UncoUided s o u r c e = f i s s ion d i s t r i b u t i o n = So(E) 

2 i „ ( E + Et) 
1st co l l i s ion s o u r c e = Si(E) = -= , „ ^ „ , .̂  So(E + Et) 

, 2:ij^(E + Ej) 
2 n a c o l l i s i o n s o u r c e = S2(E) = ^^—,„ ^ .^ . , „ Si(E + Et) 

•i'in^-'^ + Et) + ^ a 

^ i n ( E + Et) \ / S j ^ E + 2Et 

- V2i„(E + Et) + 2 j V 2 . j E + 2Et)^ Z, 

( ^in(E+Et) V 
= Un(E + E , ) . z J ^o(E.2E,) 

ti, / 2 i n ( E + E t ) \ " 
n t h c o l l i s i o n s o u r c e = s „ ( E ) = U i „ ( E + E t ) + S ) '^"(E + n E t ) . 

So(E + 

T h e f l u x 0 ( E ) 

I Sn(E) 
n=o 

2 i n ( E ) + 2 , 



Fig. 4. G e n e r a l F e a t u r e s of the 
Shifted P a r t i a l S o u r c e s 
(Not to Sca le) 

The n u m e r a t o r i s e s s e n t i a l l y the s u m 
of shif ted f i s s ion s h a p e s with d e ­
c r e a s i n g weigh t ing . The e x a m p l e a l s o 
i n d i c a t e s the i m p o r t a n t d i s t i nc t ion 
b e t w e e n s o u r c e s and f luxes . A s i m ­
i l a r e x a m p l e of i n t e r e s t would be to 
a s s u m e that t h e r e e x i s t s a l s o a con ­
s t an t e l a s t i c - s c a t t e r i n g c r o s s s e c ­
t ion, 2g, in addi t ion to the p r e v i o u s 
i n t e r a c t i o n s , a s s u m i n g tha t the e l a s ­
t ic nnode r a t i o n howeve r i s neg l ig ib l e . 

E l a s t i c m o d e r a t i o n m a y not, 
howeve r , be g e n e r a l l y s m a l l r e l a t i v e 

to i n e l a s t i c m o d e r a t i o n in fas t r e a c t o r s . On the low s ide of the flux m a x i ­
m u m it can be i m p o r t a n t in d e t e r m i n i n g the shape and l e v e l of the l o w - e n e r g y 
ta i l , w h e r e i n e l a s t i c - s c a t t e r i n g effects b e c o m e s m a l l or a r e n o n e x i s t e n t . 

T y p i c a l a v e r a g e c o r e f luxes 
a r e t hose c a l c u l a t e d ! ^ ) for the EBR-I , 
E B R - I I and PBR. T h e s e a r e shown 
in F i g . 5. At v e r y high e n e r g i e s al l 
the d i s t r i b u t i o n s c o r r e s p o n d to the 
h i g h - e n e r g y f i s s i on s p e c t r u m ta i l 
shape . 

EBR-I ( E x p e r i m e n t a l B r e e d e r 
R e a c t o r - I ) i s about a 1-MW, 6 - l i t e r , 
fas t c o r e fueled by h igh ly e n r i c h e d 
u r a n i u m fuel wi th s t a i n l e s s s t e e l 
fuel c ladding and NaK coolant . The 
b r e e d i n g b lanke t i s of n a t u r a l u r a n ­
ium. E B R - I I h a s i n s t e a d a 5 0 - l i t e r 
c o r e v o l u m e and i s fueled by about F ig . 5. 
50% e n r i c h e d u r a n i u m fuel. The P B R 
(Power B r e e d e r R e a c t o r ) f l u x i s r e p ­
r e s e n t a t i v e of a 800- l i t e r c o r e , fueled 
by 15 to 20% e n r i c h e d u r a n i u m , o r Pu-U^ , fuel and having a p o w e r of 
g r e a t e r than 600 MW of hea t . Coo lan t s occupy about 50% of the c o r e v o l ­
u m e s . It has been noted(5) tha t a l though the e n e r g y p o s i t i o n of the m a x i m a 
a r e not m u c h d i s p l a c e d r e l a t i v e to one a n o t h e r , the m e d i a n e n e r g i e s , ho"w-
e v e r , a r e m u c h di f ferent . 
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C o m p a r i s o n of N e u t r o n 
S p e c t r a for V a r i o u s S i ze s 
of F a s t R e a c t o r s (Ref, 5) 

A n o t h e r c h a r a c t e r i s t i c of fas t s y s t e m s i s the l a r g e a m o u n t s of fuel 
r e q u i r e d , i . e . , c r i t i c a l m a s s , r e l a t i v e to a t h e r m a l s y s t e m of, for e x a m p l e , 
the s a m e c o r e v o l u m e . Th i s r e s u l t s p r i m a r i l y b e c a u s e of t he r e l a t i v e l y 
s m a l l v a l u e s of c r o s s s e c t i o n s in the h i g h - e n e r g y r eg i o n of fas t r e a c t o r s 



i n c o n t r a s t w i t h t h e m a g n i t u d e s of t h e r m a l c r o s s s e c t i o n s . F o r e x a m p l e , 

t h e U^^^ f i s s i o n a n d c a p t u r e c r o s s s e c t i o n s a r e h u n d r e d s of t i m e s s m a l l e r 

t h a n i n t h e t h e r m a l - e n e r g y 

T a b l e II 

A P P R O X I M A T E C R O S S S E C T I O N S 

O F U " ' IN T H E R M A L A N D F A S T 

S Y S T E M S 

Of, b 

°c. b 

(Jtr, b 

T h e r m a l (2200 m / s e c ) 

582(6) 

101(6) 

698 [as = 15 b(7)] 

F a s t ( 8 ) 

= 1.4 

= 0.25 

- 6 . 8 

r eg ion . A p p r o x i m a t e o r d e r -
o f - m a g n i t u d e v a l u e s for U 
a r e g iven in T a b l e II. 

S i m i l a r o r d e r s of m a g ­
n i t udes ex i s t for the f i s s i o n ­
ab le U^^^ and Pu^^' s p e c i e s as 
we l l as for the u s u a l f e r t i l e 
and d i luen t m a t e r i a l s . The 
v a l u e s for the fas t s y s t e m s 
a r e g r e a t l y d e p e n d e n t upon 
the n e u t r o n flux s p e c t r u m 
d i s t r i b u t i o n . 

This c o n s i d e r a t i o n e m p h a s i z e s the i m p o r t a n c e of r e d u c i n g c o r e v o l ­
u m e by i n c r e a s i n g the fuel dens i ty . 

To a l a r g e extent th i s i s p o s s i b l e b e c a u s e no vo lume i s r e q u i r e d for 
m o d e r a t o r m a t e r i a l . F u r t h e r r educ t i on of c o r e v o l u m e is g e n e r a l l y l i m i t e d 
in p o w e r - p r o d u c i n g s y s t e m s by the l a r g e coolan t v o l u m e s r e q u i r e d to i n s u r e 
r e m o v a l of the hea t c o n s i s t e n t with the total p o w e r and the t e m p e r a t u r e l i m ­
i t a t ions of the m a t e r i a l s . 

T h u s , the m i n i m u m p r a c t i c a l c o r e s i z e i s fixed by the a m o u n t of 
power p e r uni t of c o r e vo lume that can be hand led by the coolan t volunae 
and coolant flow. The o v e r a l l r e s u l t s a r e that a fas t r e a c t o r h a s a h i g h e r 
power dens i ty p e r uni t c o r e vo lume than a l i q u i d - c o o l e d t h e r m a l s y s t e m 
of the s a m e total power . 



II. BREEDING 

In view of the larger critical masses and power densities per unit 

volume of a fast reactor relative to a thermal reactor, one might ask why 

consider a fast reactor except for special cases where smaller volume 

requirements are necessary. The answer, of course, is the possibility of 

existence of effective breeding ratios sufficiently larger than unity so that 

in practice the entire conversion of the natural supply of other'wise non-

fissionable fertile materials may be efficiently converted to fissionable 

materials and thereby become available for power production. 

Fertile materials such as Û ^̂  or Tĥ ^̂  are placed in the reflector 

blankets of fast reactors for breeding purposes. Generally, fertile ma­

terial is also present as a core diluent for core breeding. 

Consider the conversion of the nonthermally fissionable U ^^ isotope 

into the thermally fissionable plutonium isotopes of odd atomic mass 

number. The reaction chain for this case is reproduced in Fig, 6,(8) 

Irradiated U^̂ ' fertile ma-

2112 5x10 y_ terial thus contains a mixture of 

higher plutonium isotopes. The 

isotopic composition of the con­

tained plutonium will depend upon 

the particular reactor system, be­

cause of the spectral dependence of 

the neutron cross sections in the 

build-up chain, and upon the previ­

ous irradiation history of the fertile 

material. Recycle, of the plutonium 

isotopes in a reactor v/i\\ change 

the isotopic concentrations. An 

, equilibrium condition will ultimately 
Fig. 6. Nuclear Reactions under , , , , . , . ,. ^. , 

° be approached which is a function of 
Neutron Irradiation of ,. , , , . j ^ j 

i,o , , „. fuel cycle, core design, and feed 
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ICn.') 
239 

Pu 

a 

12.9y 

a 

6.6x10%^ 
a * 

2.44X 1G"Y 
a 

U"« (Ref. 8) 
material. 

For example, the plutonium isotopic composition (in a/o): Pu , 

74.7%; Pu^^°, 10.2%; Pu" \ 12.4%; and Pu" \ 2.7%, is reported(9) to corre­

spond to a recycle plutonium extracted from a thermal reactor fueled with 

enriched uranium oxide, such as the "Yankee" reactor. For comparison, 

a reportedC^) case of extreme recycling is: 

Pu"', 40%; Pu^*°, 10%; Pu^^', 2 5%; Pu^*^ 25%. 

Plutonium feed material containing also the higher isotopes is 

referred to as "dirty." It is interesting to note that in a calculational 



study(9) the s o - c a l l e d " d i r t y " p lu ton ium u s e d as fuel in a fas t r e a c t o r r e ­
su l t ed in l a r g e r va lue s of the b r eed ing r a t i o . 

The ana logous Th^^^ bu i ld -up cha in is shown in F i g . 7.(8) 

2011 2 4 . 1 d 23U 
Th . - Pa 

1 ^ 1 
1 (n,)-) | ( n . 
233 2 3 . 5 m 233 

Th g- Pa 

1 ( n , r ) 
Th=^^ 

1 .14 m 

.r) 
27 A d 

1 (",>•) 
„ „ 2 . 6 x 1 0 ' y 

| c n , r ) 
, „ 1 . 6 2 x 1 0 y 

U a 

F i g . 7 

N u c l e a r R e a c t i o n s u n d e r 
N e u t r o n I r r a d i a t i o n of 
T h " ^ (Ref. 8) 

F o r p r e s e n t d i s c u s s i o n , the b r eed ing r a t i o wi l l be t a k e n a s 

_ Quant i ty of f r e sh , t h e r m a l l y f i s s i l e fuel p r o d u c e d 
~ Quant i ty of p r i m a r y t h e r m a l l y f i s s i l e fuel d e s t r o y e d ' 

and the d i s t inc t ion be tween c o n v e r s i o n and b r e e d i n g wi l l not be a d h e r e d 
to . The v a r i o u s def ini t ions of b r eed ing r a t i o a r e d i s c u s s e d in Ref. 10. 

Cons ide r ing that the amoun t of f e r t i l e m a t e r i a l is m u c h g r e a t e r 
than the amount of f i s s i le m a t e r i a l s in the E a r t h ' s c r u s t , t hen in o r d e r 
to i n s u r e comple t e c o n v e r s i o n of a l l the f e r t i l e U and Th , a b r e e d i n g 
r a t i o of one or g r e a t e r m u s t be ob ta ined . If (BR) < 1, then by con t inued 
burn ing up of p r e v i o u s l y b r ed fuel one would obta in but a l i m i t e d u t i l i z a ­
t ion of the E a r t h ' s r e s o u r c e s . An a t o m of p r i m a r y f i s s i l e m a t e r i a l would 
r e s u l t in (BR) new f i s s i l e a t o m s . The l a t t e r when c o n s u m e d would r e s u l t 
in (BR) new f i s s i l e a t o m s , and so for th . The to ta l a t o m s of f i s s i l e fuel 
u l t i m a t e l y u s e d would be 

1 + (BR) + (BR)^ + = -. -. 

1 - (BR) 

F o r each o r ig ina l f i s s i l e a t o m c o n s u m e d , only 

1 BR 1 - (BR) 1 - BR 

a t o m s of f e r t i l e would have been t r a n s f o r m e d to f i s s i l e a t o m s . 

F o r each a t o m of n a t u r a l u r a n i u m , only about 0.007 a t o m a r e the 
f i s s i l e U^^' s p e c i e s . T h e o r e t i c a l l y for c o m p l e t e b u r n - u p , t hen , 



1 
1 1 - 0.007 1 

1 - (BR) 

from which 

BR ^ 0.993 = 1. 

0.007 0 .007 

A measure of the effectiveness of a given fissile mater ia l to con­
tribute its excess fission neutrons for fertile capture is ''1 - 1 of the fissile 
atom: 

•n - 1 
V - 1 

1 + a 

where 

a = Oc/cif. 

A la rger value of 'H - 1 is obtained with la rger v and/or smal ler a. Both 
V and a a re dependent upon the energy of the incident neutron. It turns 
out that V increases with energy. For example, for U^'^,(ll) 

v(E) = 2.43 + 0.115 En up to 1.5 MeV; 

and 

v{E) = 2.406 + 0.138 En from 1.5 MeV to 15 MeV. 

In addition, although both cr̂  and Of decrease with increasing energy, the 
ratio of a^/a^ over the spectrum of a fast reactor is smal ler than that 
over a thermal reac tor . 

Some approximate values oi V - I are listed in Table III. 

Table III 

VALUES OF 'O - 1 FOR FISSILE MATERIALS IN 
THERMAL AND FAST SYSTEMS 

U235 

P u " ' 

U233 

Thermal (2200 m/ s ) 

1.07(6) 

1.00(6) 

1.29(6) 

Fast(12) 

~1.18 

~1 .74 

~1.42 

The values for the fast spect rum are especially sensitive to the spectrum. 
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If a l lowance is m a d e for p o s s i b l e p r o c e s s i n g l o s s e s , l e a k a g e s , and 
p a r a s i t i c a b s o r p t i o n s , only the U^'^-fueled t h e r m a l s y s t e m would a p p e a r 

a t t r a c t i v e . The v a l u e s of the fas t 
(T) - 1) should in add i t ion be a u g ­
m e n t e d by the e v e r - p r e s e n t f i s s i o n 
n e u t r o n s due to fas t f i s s i on in U 
and to a s m a l l e r ex t en t in Th 
F r o m the c r o s s s e c t i o n v e r s u s 
e n e r g y m e a s u r e m e n t s ,(13) the s h a p e 
for the fas t f i s s ion p r o c e s s is rough ly 
ske t ched in F i g . 8. The fas t s p e c -
t r u i n is suf f ic ient ly h igh in e n e r g y 
that an a p p r e c i a b l e p o r t i o n of the 
flux is above the fas t f i s s i on t h r e s h ­
old e n e r g i e s of the f e r t i l e m a t e r i ­
a l s . This h a s b e e n r e p o r t e d to 

F i g . 8, G e n e r a l F e a t u r e s of 
F i s s i o n C r o s s Sec t ion 
of U"^ (Not to Scale) 

a c r e a s e the BR > 2 for a fast Pu^ ' -U^^^ s y s t e m . ( 1 5 ) In p r a c t i c e a r a t i o 
-1.7 with P u " ' fuel and - 1 . 2 with U^'^ fuel m a y be expec ted , (12) 

T h e o r e t i c a l l y , neglec t ing l o s s e s , if BR = 1, the n u m b e r of f i s s i o n ­
able nuc l e i ex i s t ing at any t i m e equals the n u m b e r of o r i g i n a l f i s s i l e 
nuc le i so that the to ta l ava i l ab le f i s s i l e m a t e r i a l at any t i m e does not i n ­
c r e a s e . F o r a b reed ing gain G = (BR) - 1, the b r eed ing r a t i o m u s t be > 1. 
An i m p o r t a n t quant i ty in this r e g a r d is the doubling t i m e , D . T . , which is 
r e l a t e d to the gain: 

D . T 
c r i t i c a l m a s s in g r a m s c r i t i c a l m a s s in g r a m s 

days g r a m s f i s s i l e gained p e r day (G) ( g r a m s f i s s i l e c o n s u m e d p e r day)' 

The f i s s i l e b u r n - u p r a t e is r e l a t e d to the power and the c a p t u r e - t o - f i s s i o n 
r a t i o : 

( g r a m s f i ss i le c o n s u m e d / d a y ) = 

f rom which 

wa t t s 

lO" 
(1 + a ) . 

D.T, 
10" 

days - G p ^ ^ t t s ( 1+c . ) ' 

w h e r e p is the specif ic power in wat ts . (14) A l a r g e b r e e d i n g r a t i o and a 
l a r g e power dens i ty pe r unit m a s s of f i s s i l e m a t e r i a l l ead to s m a l l doubling 
t i m e s . F o r c o m p l e t e n e s s , the t ime for p r o c e s s i n g and e x t r a c t i n g the n e w 
fuel, the amount of fuel held e x t e r n a l to the r e a c t o r in r e p r o c e s s i n g p l a n t s , 
shutdown t i m e , and the f rac t ion of the power due to fas t f i s s i ons in f e r t i l e ' 
m a t e r i a l m u s t a l so be cons ide red . (14 ,15) The doubling t i m e m a y then be 
e x p r e s s e d as 
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10^ 
°-T-days - GI(1 -F)p(l-I- a)L' 

where I is the ratio of reactor cr i t ical mass to total fuel in reactor and 
hold-up outside of reactor , L is the fraction of time the reactor is in 
operation, and F is the fraction of power due to fertile fast fissions. The 
large fertile fast fission of fast reac tors is conducive to lowering of 
doubling t ime. 

Another quantity of interest is the burnup. It is usually a fraction 
equivalent to a couple of percent in fast sys tems . It may be defined as 

atoms fissioned in the "fuel" 
B u r n u p = ;—: ; —-r ; z ; -. 

original atoms of fissile, ferti le, and 
diluent mater ia l s in the "fuel" 

The general or central problems of fast reactors a r i se from the 
need for high power density per unit mass of fissile mater ia l . This results 
in the need for high tempera tures of operation, high heat- t ransfer rates 
from fuel to coolant, and high burnup in order to minimize the high fuel 
inventory holdup during reprocess ing. High operating temperatures r e ­
quire thin or finely divided fuel to obtain better heat t ransfer . The Fe rmi 
Fas t Breeder Reactor, for example, has fuel pins 0.158 in. in diameter 
and about 30 in. long.(16) 

Coolants a re required which cause negligible elastic moderation, 
have good high- temperature heat t ransfer , and do not attack the cladding 
mater ia ls of the fuels. The eutectic mixture NaK and the element sodium 
have been found par t icular ly good. In addition, they have relatively low 
melting and high boiling t empera tu res . 

Technological problems in fast reactors are discussed, for example, 
in the text of Pa lmer and Piatt.(15) 

To reduce the costs of inventory, reprocessing and refabrication of 
fuel,the problem of achieving high burnup is paramount. The high t empera ­
tu res , however, produce, through the increased p ressu re arising from the 
internal accumulation of fission product gases , a swelling of fuel. The 
importance of high burnup in fast reac tors can be appreciated if one con­
siders that the density of fuel is grea ter by a factor of ten in a fast fuel 
than in a thermal fuel element. 

Because of radiation damage, removal of fuel elements may become 
necessary when a couple of percent of fissionable and nonfissionable atoms 
have burned up. At this time an amount of fuel about equal to the initial 
fissile mass of a thermal reactor would be consumed, whereas this r e p r e ­
sents only of the order of 10% of the fuel in the fast reac tor . Thus of the 
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order of 10 reprocessings would be required for complete use of the 
fuel.^l ' ' Fuel burnup in a thermal system is more limited by the avail­
able excess reactivity to overcome fission product poisons. In a fast 
system, because of the small cross sections of the poisons at high ene r ­
gies, the burnup is more limited by radiation damage. 

Last, but perhaps not the least, is the question of the relat ive 
safety meri ts of fast and thermal sys tems. This will be discussed in 
more detail later . Suffice it to say that the potential g rea te r hazards in 
fast systems are usually related to the shorter prompt-neutron lifetime, 
the possible loss of coolant (with possible attendant increase in reactivity 
due to spectral shift effects), and/or radiation heating of the fuel elements 
so as to possibly produce a super-cr i t ical meltdown configuration. There 
exists also the possibility of resonance coupling of reactivity and power 
in some cases.(18) 



13 

III. MULTIGROUP METHOD 

In the energy range of fast reactor spectra the variations of c ross 
sections with energy are sufficiently large that bulk t reatment of large 
energy regions in correspondence to, say, a four-factor formula has not 
as yet been successful in prac t ice . Methods of multigroup solutions of 
t ransport or diffusion equations a re used instead. As the dimensions of 
fast reac tor regions are not large relative to the mean free paths, i .e. , 
a distance of a mean free path is an appreciable fraction of the regional 
dimension, t ranspor t solutions a re required for the smal ler fast systenas 
and generally also for precise calculations on the la rger fast sys tems. 

Although not basically as accurate , the diffusion theory approxi­
mation is much used. Indeed, because of lack of c ross -sec t ion information 
the use of diffusion theory for all but very precise comparisons is usually 
adequate except for the small sys tems. 

Simplified two-group diffusion equations with t ransfer coefficients 
coupling the groups a r e , for the case of thermal systems,(19) 

DiV^*i - 2^ 01 -I- Si = 0; 

D2V^02 - 2^2*2 + Sz = 0. 

The group sources a re 

Si = V2f^ 02 

and 

S2 = 2^101. 

The thermal flux (02) produces the fission neutron sources of group one. 
The fast flux group (0i) produces the neutron sources in the thermal group 
by moderation t ransfer of neutrons, i .e. , Z^ = 2i_2. Fur the rmore , the 
relations between t ransfer coefficients and pa ramete r s entering the four-
factor formula through kgo, L , and T a r e 

In the case , for example, of a two-group analysis of fast sys tems, 
the lower energy of the lower group need not be zero. Below some lo'wer 
energy limit the contribution to, for example, the reactivity is negligible. 
Considerations of both capture and fission as well as the fractional d is ­
tribution of the fission spectrum is necessa ry . The two group sources 
would then be 
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S, = Xl (V2f)i 01 + X, (vZf)2 02 

and 

S2 = Si^2 01 + X2(v2f)2 01 + X2(vZf)2 02, 

where X, and X 2 are the fractions of the fission spectrum, 

2a i = ^c,+ 2 f i+ 2 i - 2 ' 

and 

2 a 2 = ^C2 + 2;f2 . 

The extension to J groups then follows. For each group j , the 
equation is of the form 

DjV^0. - 2 ^ . 0 j + S j = 0, 

where 

3-1 J 
S. = X ^ i - j * i + ^j I (^^f)i *i + Soj. 

i=l i=l 

Here SQ is zero except in the case of applied sources . Also, 
J 

J 

^a. = ^c, + ^i.+ I ^}-^-
J J J k=j-H 

A particularly simple solution, amenable also for hand computation, 
is possible even with many groups in the case of a bare , homogeneous sys ­
tem if it be assumed that extrapolation distances a re equal in all groups.(5) 
By assuming that all groups satisfy the equation 

V^0j -I- B^0. = 0, 

one may, by an iterative solution method, determine the group flux values 
0: , and the value of B for which neutron production equals neutron ab­
sorption plus leakage, i.e., kg££ = 1. 

Taking a group at a time and assuming an initial guess for B^, -we 
find 

-D,B^0i - 2^^0i + Si = 0, 
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so that 

*i = S i / (2a i + DiB'); 

s imilar ly , 

4>z = S,/{Z^^ + D2B^); 

* j = S j / ( 2 a j + DjB^). 

The group sources a re given by 

J j - i j - i 

Sj = Xj Z ('^2f)k *k+ Z ^i^^j 0k = Xj + Z ^k^j *k' 
k=i k=i k=i 

from which 

J 

Z (^^f)j *j J 

Z h '-' 

The denominator is the initially assumed fission source distribution 
whose value is taken as unity: 

J 

Z ^ i ^ i -
1 

Another B value is then chosen and the procedure repeated until kg££ is 
sufficiently close to unity. The mater ia l buckling, B^, may then be related 
to the geometrical buckling of a bare homogeneous system having extrap­
olated dimensions. The relative magnitudes of the fluxes in each energy 
group are also obtained. 

In the middle of the central region of a multiregion reactor system 
the spectrum should be close to that of the bare core . 

As a simple example of the procedure and also to obtain a feel for 
group c ross sections, consider the following two-group pa ramete r s to 
apply to the simple composition: 10% U^'^ and 70% U^^ .̂ 



16 

Assume atomic densities 0.048 in units of 10^* and microscopic 
c ross sections given in Table IV. The homogenized macroscopic c ross 
sections are listed in Table V. If B^ is guessed to be 0.005 c m ' ^ the 
fluxes are calculated to be 0i = 5.07 and 0ii = 39.8. The k^ff value is 
1.005. For a value closer to unity, assume a somewhat la rger B^ value 
and repeat the procedure. 

Table IV 

TWO-GROUP FAST CROSS SECTIONS 
(IN BARNS) FOR U"= AND U^'^ 

G roup I 

1.35 MeV - 10 MeV 
Xl = 0.574 

G r o u p 11 

9.12 keV -* 1.35 MeV 
X2 = 0.426 

3 f t r , 

' ' a i 

^ I - I l 

3 ^ t r , 

"az 

u"-' 

3.44 

14 

2,8 

1.4 

3.50 

18 

1.7 

U238 

1.48 

14 

2.7 

2.1 

0 

21 

0,18 

Table V 

HOMOGENIZED TWO-GROUP 
FAST CROSS SECTIONS 

V2r_ 

2 ^ t r i 

^ a i 

2l->2 

G r o u p 1 ( c m " ' ) 

0,0662 

0,538 

0,104 

0,077 

G r o u p II ( c m " ' ) 

0,0168 

0,792 

0.0142 

0 
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For the flux solutions in the various regions of a multigroup-
multiregion case, i terative energy and spatial methods of solution are 
used. (20) Assume a fission source distribution, S£(r); andXiSr(r^) as 
the distribution in energy group j . Then, 

D , ( 7 ) v ' 0 , ( ? ) - 2 :a j (?)0iC?) + XiSf(T) = 0 

is solved for 0 i ( r ) . The approximate group-2 source, calculated by 

SAr) = 2 i _ 2 ( 7 ) 0 i ( ? ) -h X2S?(7), 

is employed analogously to obtain 02(7). Similarly, the group-3 source 
approximation is 

S3(7)= 2 i^3C?)0i (?) -h E2-.3(7)02(7) + X3Sj(r), 

etc. 

By means of the calculated 0- ( r ), the derived fission source 
distribution 

J 
S\{7) -- Z ^'2£(?).0.(7) 

may be compared with the initial, or previous, iteration, Sf ( r ) . If 
S£ ( r ) = S? (r) the system is cr i t ical . If 

S\{7)/S°^{7) = constant / 1, 

the problem is solved and the system has kg££ = S £ ( 7 ) / S £ ( r ) . For further 
adjustment to obtain cri t icali ty, changes in regional dimensions and/or 
compositions a re required and the procedure is repeated. 



IV. D I F F E R E N C E EQUATIONS 

N u m e r i c a l so lu t ions of the m u l t i r e g i o n - m u l t i g r o u p e q u a t i o n s by 
d i g i t a l c o m p u t e r s n e c e s s i t a t e t r a n s f o r m a t i o n of the s p a t i a l l y d e p e n d e n t , 
coupled m u l t i g r o u p d i f f e ren t i a l equa t ions to a s y s t e m of coup led d i f f e r ­
ence e q u a t i o n s . \2 Ij 

F o r any e n e r g y g r o u p j of a g iven h o m o g e n e o u s r e g i o n , the d i f fe r ­

e n t i a l equa t ion is 

D j V 2 0 j ( 7 ) - 2 a j 0 j ( ? ) + S j ( ? ) 

In s p h e r i c a l g e o m e t r y one ob ta ins 

d^V^j(r) ^ a / j ( ' - ) rS j ( r ) 

0. 

0, 
dr^ ^ j ^ j 

w h e r e ^ ( r ) = 0 ( r ) / r . The equa t ion of each g r o u p is of the f o r m 

d ' ^ ( r ) 
d r ' 

^^(r) + r(Z?(r) = 0. 

C o n s i d e r a s p h e r i c a l s y s t e m of two c o n c e n t r i c r e g i o n s . Define 

f^ = ^ ( r j a n d / n =^(rn). 

w h e r e r ^ is the va lue of r a t the n ' t h m e s h point pos i t i on , ro be ing the 
c e n t e r of the s y s t e m . A s s u m e c o n s t a n t m e s h s e p a r a t i o n Aj and A2 in the 
r e s p e c t i v e r e g i o n s . 

A d i f f e r ence e x p r e s s i o n for the L a p l a c i a n a t a p o s i t i o n r ^ wi th in 
a r e g i o n is 

J 2 
dr 

*n+l " * n \ / fn " * n - i ^n-H " 2*n + ^ n - i 

The quan t i ty in the b r a c k e t is s e e n to be j u s t the d i f f e r e n c e in d e r i v a t i v e s 
of ijj b e t w e e n the p a i r s of m e s h p o i n t s , r ^ . j to r ^ and r ^ to r^,).j. The dif­
f e r e n c e equa t ion of a g iven g r o u p and r e g i o n is then of the f o r m 

Vn+, - (-cA^ + 2)V/n + f^_^ + r , , A ^ / n = 0. 

A m o d e of d i f f e rence so lu t ion(20) for the s p a t i a l d e p e n d e n c e , a m e n ­
ab le to hand c a l c u l a t i o n , m a y be i l l u s t r a t e d by c o n s i d e r i n g a o n e - e n e r g y 



g r o u p , o n e - r e g i o n e x a m p l e wi th a g iven s p a t i a l l y app l i ed s o u r c e d i s t r i b u ­
t ion . The p r e v i o u s d i f f e r ence equa t ion m a y be r e w r i t t e n in the f o r m 

fn+i - k f c + !/'n-i + T n = 0, 

Given the s o u r c e - d e p e n d e n t v a l u e s of T^, wi th n = 0 , , , . ,N , the p r o b l e m is 
to d e t e r m i n e Tp-^ for n = 0 N. F u r t h e r s i m p l i f i c a t i o n of f o r m for c a l ­
c u l a t i o n a l e a s e is p o s s i b l e . Let A^ be the so lu t ion of the h o m o g e n e o u s 
equa t ion 

Then 

a n d 

^ n + i " k ^ n + * n - i = O' 

A n ( V ' n - ( - i - k ^ n + ^ n . i + Tn) = 0 

* n ( A n + i - k A n - F A „ , ^ ) = 0, 

The d i f f e r e n c e of t h e s e two e x p r e s s i o n s , 

(^nAn-fi-An'/Zn+i) + ( A ^ . i *n " A n ^ n - i ) " ^ " T n = 0, 

m a y then be e x p r e s s e d a s 

•'̂ n " n - i ~ AnTn, 

"where 

^n = An+iV'n - An ^n-l-r 

A s s u m i n g , then , a h o m o g e n e o u s s l ab , wi th z e r o - f l u x b o u n d a r y con ­
d i t ions and a p p l i e d s p a t i a l s o u r c e d i s t r i b u t i o n , the p r o b l e m is to find Vn 
sub jec t to the cond i t i ons ^Q ~ ^ N ~ '̂  

Us ing the h o m o g e n e o u s e q u a t i o n 

An+i = kAn - A ^ . ^ 

wi th Ao = 0 by the b o u n d a r y cond i t ion and wi th Ai = 1 for e a s e , a s the 
va lue of l a t t e r quan t i t y d iv ide s out in f inal a n s w e r for ip-^, c a l c u l a t e ou t ­
w a r d l y the An v a l u e s f r o m A2, . . .An 

Next , u s ing the equa t ion Pn - P = AnTn wi th cond i t i ons PQ = 0 
by the b o u n d a r y condi t ion , obta in P i , . . - , P n by w o r k i n g o u t w a r d . 
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Finally, by employing the definition of Pn in the form 

P + A f„,, n n "^n+l 
fn = A ., n + i 

and app ly ing the ou te r b o u n d a r y condi t ion f-^ = 0, w o r k i n w a r d to ob ta in 

V i ' *N-2 * i -

F o r the c a s e of a o n e - g r o u p m u l t i r e g i o n p r o b l e m the a n a l y s i s p r o ­
c e e d s s i m i l a r l y with, h o w e v e r , a p p l i c a t i o n of i n t e r f a c e b o u n d a r y cond i t i ons 
of con t inu i ty of flux and c u r r e n t . F o r c a s e s of s o u r c e d i s t r i b u t i o n s wh ich 
a r e flux induced by, for e x a m p l e , the f i s s ion r e a c t i o n , i t e r a t i o n s of the 
s p a t i a l flux and s o u r c e d i s t r i b u t i o n s a r e c a r r i e d out un t i l s h a p e c o n v e r ­
gence is ob ta ined . 

The d i f f e r e n c e - e x p r e s s i o n f o r m u l a for the c u r r e n t r e q u i r e s s o m e 
c o n s i d e r a t i o n . The d i f fe rence e x p r e s s i o n s for L a p l a c i a n and g r a d i e n t t o ­
g e t h e r wi th the f o r m u l a u s e d in the v o l u m e i n t e g r a t i o n s o v e r m e s h po in t s 
m u s t sa t i s fy the d i v e r g e n c e t h e o r e m : 

/ V - V 0 d V = / IT - ^ 0 dS. 

In th i s m a n n e r t h e r e is a s s u r e d tha t for any v o l u m e r e g i o n and e n e r g y g roup 
the n e u t r o n b a l a n c e 

' o u t = J ; „ - 2 , hpdV + SdV 

is s a t i s f i ed . N a t u r a l l y t h i s , of c o u r s e , does not m e a n tha t t h e r e a r e then 
no e r r o r s in the d i f fe rence f o r m u l a t i o n s , but only tha t the n e u t r o n b a l a n c e 
is i n t e r n a l l y c o n s i s t e n t . Having thus dec ided upon an e x p r e s s i o n for the 
L a p l a c i a n (V^0)n, at a m e s h point , it m a y be e a s i l y shown by u s e of the 
d i v e r g e n c e t h e o r e m tha t if, for e x a m p l e , the t r a p e z o i d a l i n t e g r a t i o n f o r m u l a 

fAA v ^ f^A 
fn(rn) d rn ^ - ^ -H ^ ^ ^n^ + - | -

i ^ y fRA 

TA A+1 

is e m p l o y e d , the d i f fe rence e x p r e s s i o n for the g r a d i e n t a t a m e s h point 
m u s t be 

(V0)n = ' ^ " " 2A 
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for the case of slab geometry, where A is the mesh point separation. For 
the case of spherical geometry the gradient difference expression becomes 

(^1 = K+i - * n - i \ fn 
,2 

The latter form may be seen directly by neglect of (A)^ t e rms in the devel­
opment given in Ref. 20. 
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V. GROUP PARAMETERS AND CROSS-SECTION DEFINITIONS 

In the discussions of the multigroup method, nothing has yet been 
said about procedures for evaluation of the multigroup c ross - sec t ion 
paramete rs , i.e., given the energy dependence of the various microscopic 
cross-sec t ion interactions, what is a possible procedure for obtaining the 
homogenized (macroscopic) group cross section for a given energy interval. 

Possible homogenized parameters for a diffusion theory calcula­
tion are 

D:, group diffusion parameter 

(v2£)., effective group value of v and the f i ss ioncross sections 

2 group capture cross section 

2£., group fission cross section 

Zgi , elastic transfer cross section from group j to k 

J-k-
inelastic transfer cross section from group j to k. 

The group total cross section, which is not generally used directly in dif­
fusion theory calculations, is 

^totalj = ^c- + 2fj + ^el . + ^iUj. 

where SgL and Sjn; include all elastic and inelastic scattering events oc­
curring in group j . The group scattering cross sections a re related to the 
transfer c ross sections by the expressions 

^el- = ^el- • •'" ^el- • , , + ^el +e tc , 
J J-J J-J + ' j - j+2 

and 

2inj = 2in^_^. + Sin._.^^ + 2in.^.^^ + e t c , 

where the j —j te rms represent scattering which remain within the energy 
interval of the group. 

Assuming that a priori knowledge of 0 ( E ) within an energy group 
is known, then, for example. 
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Z_ 

/ Jupper 
/ Zg(E)0(E)dE 
E • 

Jlower 

E 
upper 

E-
Jlower 

0(E)dE 

where 

2c(E) = Y N"̂  C(E)-
"^materials 

Here N"^ is the atomic density (units of 10^* atoms per cm^) of mater ia l m 
present in the mixture, and cyg(E) is the microscopic cross section in 
barns . The summation process is referred to as homogenization. With 
such an averaging formula, the averaging can also precede the homogeniza­
tion summation. 

It is seen that 

/ ^upper 
' Z N'" a^(E)\ 0(E) dE 

Z = Jl"^^'- ^ ^ = y N"^ O^, 
J r fP.. m -' 'E- m 

/ Jupper 
/ 0(E)dE 
E 

•ilower 

where 

•^upper 
0(E) a_(E)dE 

a c 

J E • 
m Jlower 

/ Jupper 
/ 0(E)dE 

J E 
Jlower 

Clearly the microscopic group cross sections have greater usefulness in 
that for reactor systems for which differences in corresponding intra-
group spect ra l weightings a re not important, they may be directly used by 
simple homogenization: 
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V - V Tvrm „ m Zg = 2. N Og . 
J m J 

Analogous averaging formulas may be used for the quantities 

(va^)., a£., Ogi., Oin., tJelj^j^. " inj , ,^ ' " to ta l -

and others. 

The detailed formula for o- j^ or 2- j , for either elastic or in­
elastic cross sections is of the form 

^j-k 

upper 

lower 

upper . l o r i n e l ( E - E ' ) 0 ( E ) d E 

"^Jlov 

d E ' 

upper (E)dE 

Eii Jlower 

The group diffusion constant 

upper 0(E)D(E)dE 

Jlowe 

Jupper 

Jlower 

0(E) dE 

rigorously cannot be analogously obtained by averaging before homogeniza­
tion because 

D(E) = l/32£ransport(E). 

where 

^transport(E) = Z N"^ 0^^{E). 

In practice, however, the reciprocals of the individual elements a re 
nevertheless often flux weighted with some assumed suitable intragroup 
spectrum: 
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~ \ -
^-\ 

/ Jupper 

Jlo"wer 

r E' 

/ Jupper 

Jlower 

0(E) dE 

C(E) 

0 ( E ) dE 

Other microscopic group t ranspor t c ross sections of the elements obtained 
by formulas such as 

are subsequently homogenized: 

" j m J 

to obtain the macroscopic group t ransport c ross section. The group diffu­
sion parameter of the mixture is then taken to be Dj = l/3Zt.j.. for diffusion-
theory calculations. Est imates of e r r o r s and discussion of the difficulties 
encountered in evaluation of averaged diffusion constants for groups are 
given by Zweifel and Ball.(22) Fur ther discussion of fast multigroup defi­
nitions may be found in Reactor Physics Constants.(8) Details of prepa­
ration of a multigroup set of cross sections a re given by Yiftah, Okrent, 
and Moldauer.(23/ 

As will be later discussed, the reciprocal averaging of microscopic 
t ransport c ross sections with subsequent homogenization can be especially 
in e r r o r for cases of mixtures of resonance structure mater ia l s . 

The flux averaging of c ross sections (or reciprocal c ross sections 
for t ranspor t processes) is usually the averaging procedure employed to 
obtain the group constants for multiregion multigroup analyses. It is, how­
ever, neither the only weighting procedure suggested nor employed, and 
indeed in some cases , depending upon the reactor quantity calculated, it 
may not be the cor rec t weighting procedure. In some cases weightings 
which consider also the adjoint inay be preferable (see, for example, 
Refs. 24 and 25). 

Another source of e r ro r in the flux averaging of the rec iprocal 
t ranspor t c ross section may a r i se if flux, 0, and current , J, a re not space 
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and energy separable (see, for example, Ref. 22). In this case, even though 
2 J ^ ( E ) is independent of position in some region, Zfj. in the region may be 
dependent upon position. This follows from 

7(7 ,E)Z£j . ( r ,E)dE 

l^\ _ -^group j 
tr-z,^.(7) = n i 2 ^ 

/ j ( r , E ) d E 
group j 

Ztr- is independent of r" only if Efr = 2tr(E) and if 7 ( 7 , E ) - J r ( r ) J E ( E ) , 
i.e., 

f JE(E)2t^(E)dE 

y _ "group J 
t r : J 

/ JE(E)dE 

''group j 

From 0 ( E , r") = 0j.( r") 0 J - ( E ) and Pick's law it follows that 

f 0E(E)dE 
•'group j 

^'^j ' r *E(E) 

. 2tr(E) 
Jroup J 

dE 

A problem which frequently a r i ses in multigroup calculations is 
that of the reduction of a many-group set to an equivalent fewer-group set. 
This may be necessitated in order to reduce computational time or to allow 
use of machine code programs which can employ at most a few groups. 
The latter frequently a r i ses in multidimensional analyses. This reduction 
of groups is clearly related to the problems, just discussed, of the evalua­
tion of group parameters . 

For the analytically simple case of the calculation of the multigroup 
fluxes and the mater ia l buckling of a bare homogeneous system by diffusion 
theory, the requirements on the reduction procedures are that the mate r i a l 
bucklings be unchanged (or ke££ if a geometrical buckling is assumed), that 
the individual group fluxes of the reduced case equal the sum of the equiv­
alent group fluxes of the unreduced case, and that the reaction ra tes be 
unchanged. It may be shown that flux weighting satisfies these requ i re ­
ments. The reduction formulae are analogous to the flux-weighted group 
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^ c j 

evaluations previously discussed. Let J be the group designation of the 
reduced set. Then, for example, the homogenized capture cross section 
is given by 

y 0 . 2 
. e , J '^j 
3 m J 

J m J 

where 0. a re the calculated fine group fluxes and "j in J" means fine 
groups comprising a coarse group J. The group transfer cross sections 
from coarse group J to coarse group K are obtained from the formula 

I Z *j^j-k 
y _ j in J k in K 

1 0j 
j in J 

The coarse-group diffusion constant is obtained from the equation 

j m J 
D j = 

Z 
j in J 

If the t ransport c ross section rather than diffusion constant is required as 
a machine program input, then 

^trx = 1/3DJ 

In the event that it is desired to ca r ry out an analysis in few-group 
systems other than that used in the specific reduction weighting, the reduc­
tion of the microscopic fine-group cross sections to coarse groups has 
pract ical advantages, although if the intracoarse-group spectra is too dif­
ferent then e r r o r s in coarse-group fluxes and mate r ia l bucklings (or kg££ 
values) will not be negligible. Clearly, in addition, reduction of the rec ipro­
cals of the group microscopic t ransport c ross sections of the fine groups 
before homogenization can lead to e r r o r s in Dj in analogy to the previous 
discussion. 

An example of a flux spectral averaging and group-reduction code 
is GAM-I.(^^) 
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VI. TRANSPORT CROSS SECTION 

Previously we have considered the question of the homogenization 
of a mixture of mater ia l s . In par t icular we discussed the difficulties of the 
homogenization of group microscopic t ranspor t c ross sections of elements 
to obtain the group macroscopic t ransport of mixtures . 

The definition of t ransport c ross section is closely related both to 
the degree of accuracy desired in the flux solutions and to the mode of solu­
tion employed. These considerations a re especially important in fast sys­
tems because anisotropy of elastic scattering occurs also in the center of 
mass system. Fur thermore , because the dimensions of the systems are 
often such that a mean free path represents a significant distance relative 
to the dimensions, t ransport methods of solution are frequently necessary . 
In addition, because of the necessity for considering many neutron energy 
groups, the question of the effect of reduction of group widths upon the def­
inition of the t ransport cross section becomes a consideration. 

The one-dimensional, monoenergetic, s teady-state Boltzmann equa­
tion with the scattering cross section and flux expanded in Legendre poly­
nomial ser ies is 

00 

9 0 (x, ^,) V^ 2 £-F 1 
^ a x + ^ t o t a l ^ ^ " ' ^ ) = f - j - 2 s p ^ P ( / i ) 0 i ( x ) + S(x), 

where fi is the cosine of the angle between the x-direction and the neutron 
flux direction, and S(x) represents an isotropic source distribution. Recall 
that 

^sf, - / 2:s(/io)P^(/io)d^o, 

where Zs(/jo) is the scattering cross section in the laboratory system for 
an incident and scattered neutron having direction cosine Mo> and that the 
0i(x) are related to the 0(x,/i) by the relation 

V V 2i -H ^ , , , , 

Information on angular distributions has in most cases confirmed the 
compound-nucleus nature of inelastic scattering, i.e., in the cen te r -of -mass 
system the neutrons are isotropically scattered. The effect of angular d i s ­
tribution in the laboratory system of inelastically scat tered neutrons can be 
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n e g l e c t e d , e x c e p t for v e r y l igh t n u c l e i . F o r the e n e r g y r a n g e of f a s t n e u ­
t r o n s i t i s i m p o r t a n t to c o n s i d e r bo th the e l a s t i c - s c a t t e r i n g a n i s o t r o p y in 
t he c e n t e r - o f - m a s s and the a n i s o t r o p y due to t r a n s f o r m a t i o n f r o m the 
c e n t e r - o f - m a s s to the l a b o r a t o r y s y s t e m . T h u s , a l though Sg can be con ­
s i d e r e d r e p l a c e a b l e by (vZf -I- Z i n + Zg) in p r a c t i c e Zs and Zin a r e g e n e r ­
a l ly t a k e n a s i s o t r o p i c , and only the a n i s o t r o p i c - c o n t a i n i n g e l a s t i c s c a t t e r i n g , 
Zg, n e e d be c o n s i d e r e d in the a r g u m e n t to follow. 

By c o n s i d e r a t i o n of t e r m s £ £ 1 in the flux and flux g r a d i e n t , 

0o(x) 3 

and 

!)(x,^) = — ^ +— 0 i (x)Pi ( / i ) 

d0o(x) 3 d0 i (x ) 1 a<po^x; 3 
+ - 5 - - ^ ; — P I ( M ) . )x 2 dx 2 dx 

the t r a n s p o r t e q u a t i o n b e c o m e s 

u d0o 3 d 0 i 7, 3 

T ^ + T ^ ^ ^'('^^ + - ¥ *» ^ - ^tot *>Pi{M) 

" 2 •^° •*" T ^ S I P I ( M ) 0 i . 

w h e r e S (x) i s a s s u m e d to be z e r o and w h e r e 

Z„ = / I I Q S (^io)d^o = Mo 2 

- ' -1 

M u l t i p l i c a t i o n by Pg and i n t e g r a t i o n o v e r ji, and s u b s e q u e n t l y by P j and 
i n t e g r a t i o n o v e r u, g ive the two c o u p l e d d i f f e r e n t i a l e q u a t i o n s of the P i 
a p p r o x i m a t i o n : ( ' ' 

- ^ + ^'tot *0 = ^3 00 

and 

1 d0o 
T I T + ^tot *i = ^si 
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The assumed linear flux dependence thus require linear scattering informa­
tion. Fur thermore , the coupled set reduces directly to the form of a coupled 
set for the case of only isotropic scattering if in the lat ter set: 

and 

dx ^ ^tot 

1 d0o 
+ 2 . . 0 , 

3 dx tof^i 
there is substituted 

^tot "*" ^tot ~ ^tot • ^si '"tot 

and 

^So "*^So = ^so - ^ s i - ^s - Mo ^s-

Usually Z*Q|. is the definition of t ransport c ross section used in con­
struction of multigroup parameters . The latter substitutions a re refer red 
to as the "transport approximation." Clearly it contains sufficient aniso­
tropic cross-sect ion information if flux solutions up to an accuracy of two 
te rms in the flux and current Legendre expansions a re desired. In addition, 
as is well-known, for the case of monoenergetic neutrons (one-group set) 
the isotropic scattering Pi equations reduce to the one-group diffusion 
equations: 

d' 

3^tot ''^' 

More explicitly, 

+ 2tot*° - ^ s 

3[2tOt-MoZg] - ^ + [^tOt - 2 g] 

As fast reactor analyses often require flux solutions of higher order 
than the Pi component, the question a r i ses as to whether the t ranspor t ap­
proximation (i.e.. Pi in scattering) is or is not in pract ice sufficiently ac ­
curate also if solutions having higher moments of flux and cur rent a re 
desired.(28) 
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Fur thermore , the general need for multigroups introduces the ques­
tion of the validity of the previous one-group definition of t ransport cross 
section. 

The corresponding multigroup Pi flux and current equations obtain­
able from a multigroup form of the t ransport equation are 

d0;(x) ^ 
^ ^ ^tot, *°(x) = I 2°.,^.0°,(x) 

all j ' 

and 

0 / . . . 

^^totj*;w= I nj ' . j*] 'W-
1 d0°(x) 

^ '^'^ - - a l l j 

The summation in the second equation is seen to include the anisotropic 
scattering components t ransfer red from other groups. Use of these multi-
group equations for this reason is referred to as the consistent Pi 
approximation. (2 7,30] 

The corresponding multigroup equations for the case of isotropic 
scattering are 

d 0'(x) „ 
- ^ . z,„,. 0°(x) = Y. ^Sj'^j^l'W 

a l l j ' 

and 

1 ' ^ * j ' ' ' ^ 
+ ^tot, *!(^) = 0-3 dx totj -j 

The previous consistent Pi multigroup equations can thus be brought into 
the form of the above PQ equations only if in the summation on the right side 
of the second Pi equation the anisotropic scattering transfer of other groups 
is considered negligible, i. e., 2 J.., . = 0 except for Z ' .. Then the form of 

the isotropic equations a re obtained by the t ransport approximation 
redefinitions: 

K.., = -tot^ - Ao -̂ŝ  

and 
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Z * 
' ^ j - * j ' '-y-r^''h'y-y 

In addition, there is then directly obtainable the multigroup diffusion equa­
tions of the form 

1 d^0° . ,^ V 1^° V v ^° 
' 3 ( Z _ - , - o . Z 3 ) - ^ ^ ( ^ t o t j - ^ s j ) * j = I " ^ J - J * r 

•' ^ •' j 'fj 

The corresponding spherical geometry form of the multigroup con­
sistent Pi equations are given in Ref. 28. 

Thus, transport-theory codes which assume only isotropic scattering 
can be directly used, by use of the transport approximation, to solve the one-
group Pi equations which give scalar fluxes identical to diffusion theory if the 
transport approximation is also used in the diffusion theory solution. If only 
up to linear scattering is important, then one-group transport-theory codes 
which assume isotropic scattering can also be used to obtain higher-order 
flux and current components than Pi. 

If multigroup transport-theory codes are used and isotropic scatter­
ing is assunaed, the corresponding comments apply only if in addition the Pj 
scattering anisotropy into other groups is neglected. 

If in an energy-dependent (multigroup) case the energy loss per col­
lision is large and/or if the group intervals are small, then the anisotropic 
scattering into other groups cannot necessarily be a priori neglected. It 
may be noted that in some recent multigroup reactor codes (Elmoe(30) and 
Gam(26)) containing a very large number of very small energy intervals that 
the anisotropic scattering into other groups is considered. These codes at 
the present are, however, used primarily to obtain fine, detailed flux spectra 
for cases of spatially independent spectra cases for subsequent use in calcu­
lation of fewer-group cross section sets for spatially dependent cases. 

Pendlebury and Underhill(28) have empirically looked into the ques­
tion of the adequacy of using either lower-order scattering-anisotropy infor­
mation or the transport approximation in transport calculations for higher-
order flux solutions. For a series of fast reactor calculations with scattering 
anisotropy to lower groups neglected, they find that it is not necessary to 
use i > 5 in scattering information, and that either .« = 1 or the transport 
approximation often give results of acceptable accuracy. For example, in 
calculation of Godiva (the Los Alamos bare U"' spherical critical) the per­
cent difference in use of the transport approximation relative to i = 5 scat­
tering information is of the order of i% in radius with either an S4 or Sj flux 
solution by the SNG method. (S4 and Sg are different orders of flux approxi­
mations as obtained by the SNG transport method of solution; this will be dis­
cussed in a subsequent section.) 



On the other hand, Joanou and Kazi,^ "' have reported that, although 
e r r o r s in use of t ranspor t approximations a re small for the bare sphere, 
such e r r o r s a re more appreciable for the reflected systems reported. In 
some cases the differences between t ransport approximations and more ex­
act methods were quite significant. 
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A definition of the group t ranspor t cross section often used in t r ans ­
port approximation with diffusion theory and with higher flux component cal­
culations by t ranspor t codes is 

° t r j = "c -I- a-ir. + a elj^k 
j / k 

"ij-k 
j / k 

°el- • (1 M =1^)+ a in . ^ j ( l -Min j 

where the jl a re the average cosine of the scattering distribution in the 
laboratory system. As the fast reactor mater ia ls a re generally not very 
light elements, the inelastic scattering is generally taken to be isotropic 
in the laboratory system. Because the elastic scattering can be anisotropic 
in the center -of -mass system at fast reactor energies, the scattering-
anisotropy constant jugi is retained. Then, 

t r ; "J ' 'elj - '^elj "eL 

^23) which is equivalent to the definition used by Yiftah et al. ,̂  ' in their analysis 
of a fast reactor c ross-sec t ion set. The importance of elast ic-scattering 
anisotropy in other than very light elements can be seen in Table VI by com­
parisons of the values of 2/3A, for the case of isotropic center of mass scatter­
ing, with evaluated JI values at 0.5 MeV in the laboratory system. 

Table VI 

ELASTIC-SCATTERING ANISOTROPIES IN 
THE LABORATORY SYSTEM COMPARED 

WITH VALUES OF 2/3A 

(/I at 0.5 MeV from Ref. 28) 

Material 

2/3A 

U 

0.0028 

0.315 

F e 

0.012 

0 201 

C 

0.056 

0.056 

The large dependence of ji upon neutron energy is evident when one considers 
that in going from E = 0.5 MeV to 2.0 MeV to 4.0 MeV in the case of carbon 
that Jl goes from 0.056 to 0.200 to 0.032 (/I values from Ref. 28). 
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VII, TRANSPORT SOLUTIONS BY DISCRETE ORDINATE METHODS 

Large digital computers have increased the application of d iscre te 
ordinate methods of solution of the t ransport equation. Famil iar i ty with the 
method of spherical harmonics(27) is assumed so that correspondence of 
the two types of solutions can be made. 

The two aspects of part icular in teres t and both basic in solution by 
discrete ordinate methods are : 

(1) determination of the angular distribution of the flux by solution 
of the t ransport equation for various part icular directions; 

(2) integration of the angular flux, to obtain the scalar flux, by a 
method of numerical quadrature wherein a weighted summation replaces 
the integration. 

The slab-geometry, one-dimensional, monoenergetic, t ranspor t 
equation with isotropic scattering and isotropic sources is 

•N . r+l 

t^-^i^.t^) +Z0(x,j:i) = 2 g - j / 0(x. M)dM + S (x). 

The "discrete direction" methods stem from the Wick-Chandrasekhar 
127) method^ in which the set of k equations for discrete directions, ^ j ^ , of 

the form 

A % Mk"a7('^'f^k) + ^*(x,Mk) = 2g Z . Rj^0(x,/ij^) 
all k 

replaces the previous equation and where the original angular integral of 
the t ransport equation 

/ 0(x.^)d^ = Y. Rk0(x,Mk). 
7.1 k 

wherein the quadrature paramete rs Rk and ^y, a re those of the Gaussian 
quadrature formula. Recall that the lat ter means that the Mk are (L4- 1) 
in number and are the roots of the P L + J (̂ u) = 0 in the L'th approximation. 
The weights Rk are also (L-l- 1) in number and may be obtained from solution 
of the (L+ 1) linear equations(31) 
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n = 0: 2 = Ri -f R2 -I- . . . . -I- RL-l-i; 

n = 1: 0 = Riidi + Rzfiz + . . .; 

(-1) n4-r 

n + 1 n -I- 1 R-iMi + R-z^z + 

For example, if the L = 1 pa ramete r s a re desired, thenP2(|u) = 0 for 
Ml = -^0.577 and M2 = -0.577, and the weights follow from simultaneous 
solution of the pair 

2 = Ri -I- R2; 

0 = 0.577 Ri -0.577 R2, 

from which Ri = Rj = 1. 

For the case L = 7, there a re four positive and four negative di­
rections, and eight weights. The pa rame te r s are approximately(31) 

with 

|Mk| = 0-960, 0.797, 0.526, and 0.183, 

Rk = 0.101, 0.222, 0.314 and 0.363, 

respectively. 

The scalar flux in the slab obtainable by the Wick-Chandrasekhar 
method with Gaussian quadrature weights and directions can be shown to be 
identical with that obtainable by use of the spherical harmonics solution of 
order P ' L . ( 3 2 ) jn a s imilar manner, the use of double Gaussian quadrature 
in the intervals /i = 0 to 1 and M= -1 to 0 is the analog of the double spher­
ical harmonics method of Yvon. (27j jt is especially useful in cases of angu­
lar flux discontinuity at 1-1=0, as is frequently encountered in slab-
geometry cel ls . For comparison the 8-angle double Gaussian quadratue 
pa ramete r s a re approximately(23) 

Mk| = 0.931, 0.670, 0.330, and 0.0694 

with 

Rk = 0.174, 0.326, 0.326 and 0.174, 

respectively. This corresponds to a Yvon double P3. 
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Many q u a d r a t u r e f o r m u l a s ex i s t . In the W e s t i n g h o u s e "RANCH" 
code,^ ' for e x a m p l e , one m a y e i t h e r u s e the i n t e r n a l l y a v a i l a b l e double 
G a u s s p a r a m e t e r s up to 12 a n g l e s o r supply any o t h e r q u a d r a t u r e p a r a m ­
e t e r s a s input . RANCH is a o n e - e n e r g y g r o u p I B M - 7 0 4 t r a n s p o r t code in 
s l ab g e o m e t r y us ing a d i s c r e t e m e t h o d . 

The o n e - d i m e n s i o n a l m u l t i g r o u p t r a n s p o r t c o d e s wh ich have been 
m u c h u s e d a r e the L o s A l a m o s S N G ( 3 5 ) ^nd D S N ( ^ ^ ) c o d e s . T h e y enab le 
t r a n s p o r t so lu t i ons of v a r i o u s a p p r o x i m a t i o n s for s p h e r e , s l a b , and in f in i t e -
c y l i n d e r g e o m e t r i e s . The SNG code p r e c e d e d the DSN ( D i s c r e t e SN) code . 
N e i t h e r code i s , h o w e v e r , s t r i c t l y a d i s c r e t e o r d i n a t e so lu t ion in the s e n s e 
of the Wick equa t ion . Both u t i l i z e the t e c h n i q u e of d iv id ing the /i s p a c e into 
f ini te d i r e c t i o n s having def in i te w e i g h t s . The m a n n e r of a r r i v i n g a t the 
q u a d r a t u r e f o r m u l a e dif fer , and the hand l ing of the d i r e c t i o n s in the t r a n s ­
p o r t equa t ion differ . In th i s r e g a r d the DSN code is c l o s e r to the d i s c r e t e 
o r d i n a t e me thod . 

The SNG me thod d iv ide s /j = -1 to +1 into e q u a l A û i n t e r v a l s . The 
a p p r o x i m a t i o n S^ h a s 6 d i v i s i o n s and 7 d i r e c t i o n s . The a n g u l a r flux d i s t r i ­
but ion b e t w e e n t h e s e d i r e c t i o n s i s g e n e r a l l y a s s u m e d l i n e a r in jU . Two of 
the d i r e c t i o n s a r e a l w a y s ii = +1 and -1 and, g e n e r a l l y , M = 0 i s a l s o a 
d i r e c t i o n . 

C o n s i d e r the o n e - d i m e n s i o n a l s p h e r i c a l c a s e . The a n g u l a r flux 
0 (r , fi) be tween /i j -i and /i j i s then 

0 ( r ,M) 
M-M J- i 

L ^ j - ^ j - i j 
0 ( r , / i j ) + 

Mi"M 

Mj-M: 'J-i 
' ( r . M j . i ) 

= -f [(M - Mj_i) 0 ( r , M j ) + ( ; - i j -M)0( r , / i j - i ) ] , 

w h e r e n is the n u m b e r of equa l A^ i n t e r v a l s in r e g i o n - i s ^ s -I- 1. The 
i n t e g r a l for the t o t a l flux is then 

< I > ( r ) = - / 0 ( r , M ) d / i = { ^ J ( f ) [ (M-Mj , i )0 ( r ,Mj ) + (Mj-M)0(r.Mj_i)]dM 

1 " " ' 
= - 0 ( r , M „ ) + Z n * ( ^ - M j ) + ^ 0 ( r , M n ) -
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Thus the assumption of equal intervals and l inearity within intervals lead 
to a quadrature formula having equal weighted interval directions and 
half-weighted end points. 

The group spatial differential equation is written as 

^—, + 2 : j ) 0 j ( r . M ) = S.(r), o r r o/i 

where it is understood that S-(r) includes also the scattering sources within 
group j and t ransfer red into group j . Insertion of the linearity flux func­
tion between jU • and Mi and integration out of the [i dependence by inte­
gration from Mi-i to ;Uj give a set of n nonpartial differential equations 
for each group. The lat ter equations a re coupled by the directions M;_i 
and /,(•. Thus, for one of the groups, 

, ^ J . , h , z ) 0 ( r , , p + (a^ ^ - ^ . z ) 0(r,Mj.i) = 2S(r), 

where the constants a re functions only of the AjU interval endpoints. 
^+1 

(The factor 2 resul ts from I dM = 2). 

The n ^-1 direction is that corresponding to M = " 1> and the solution 
is obtained directly from the t ransport equation 

(- A + z ) 0 (r , - l ) = S(r) 

for each group. Thus, in the n-approximation there are n + 1 angular flux 
directions obtained. 

It is evident that because of the assumption of linearity between these 
directions, in the case of problems having solutions with complete linearity 
in the interval -1 to +1 then the same scalar flux as given by diffusion theory 
is obtained. Thus, for problems in which diffusion theory gives accurate 
scalar flux solutions, the SNG method gives identical resul ts in S2 and all 
higher approximations. 

Though not shown here , in the SNG method the equations of neutron 
balance are conserved.^ ' 

Comparisons of cr i t ica l core radius calculations by the t ranspor t 
approximation with S4 and diffusion theory have been reported''-'/ for a 
se r i es of fast sys tems . The multigroup analyses a re reproduced in Fig. 9-
It is noted that diffusion theory, because of greater calculated leakage, lead 
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to larger radii for crit icali ty relative to S4. It should be remembered that 
e r ro r s in radii must be multiplied by factor three to estimate cr i t ica l mass 
e r r o r s and that variations from the curve can occur depending upon the 
composition and configuration of a cr i t ical system. It may be possible in 
some instances that diffusion theory may lead to smaller core sizes if, for 
example, a reflector significantly modifies the spectrum toward larger 
reactivit ies. 

Fig. 9 

Ratio of Crit ical Radii (Diffusion 
Theory to 84 Method) as a Func­
tion of Crit ical Radius by S4 
Method (from Ref. 5) 

CRITICAL RADIUS ( S ^ METHOD), cm 

A comparison of various orders of SNG approximations have been 
repor ted^" ] for a solid plutonium sphere assembly. The percent e r ro r in 
crit ical radius is shown in Fig. 10. It is noted that with higher SNG ap­
proximations the calculated cri t ical masses increase. Yiftah et al., have 
calculated the Los Alamos Popsy assembly with both S4 and S3. Popsy is 
essentially a 4.5-cm-radius plutonium core with 9.5-in, natural uranium 
reflector. The approximation S4 gave 5,03 kg for the cri t ical mass whereas 
Sg gave 5.18 kg. In other words S4 gave a mass smaller by about 3%, which 
indicates a radius smaller by about 1%. For comparison, however, the ex­
perimental mass is about 5.78 kg. 

Fig. 10 

Relative Percent Er ro r in Critical 
Radius as a Function of SNG Option 
(from Ref. 38) 

S„ OPTION 
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VIII. DISCRETE Si<[ (DSN) METHOD 

The question might be ra ised as to why have the DSN method when 
so much of what is desired is apparently fulfilled by the SNG method. 

The SNG method was believed to be somewhat s t r ict in its initial 
assumption of l ineari ty. A reason then was to see if a method based on 
more general and less stringent initial assumptions would lead to a simple 
and more flexible method of solution. Fu r the rmore , some practical dif­
ficulties have also been observed with the SNG; for example, the flux 
solutions for thin-slab cells have in some instances been unsymmetr ical . 
In addition, the presence of the direction M = 0 may give r ise to conver­
gence difficulties incases of important tangential flux-discontinuity effects. 

It might also be asked: Avhy not just use the Wick method previously 
referred to? It was quite general and need not necessar i ly be res t r ic ted 
to Gaussian quadrature . The reason is largely the difficulty in practice 
for the cases of non-slab geometr ies as , for example, spherical,to handle 
accurately by difference methods the t e rm 

r dfi 

by means of the 0k(i'.Mk) °^ the Wick method. The SNG method c i rcum­
vents this difficulty by the integration over the A/ij intervals assuming 
linearity in M and subsequently operating with the angular fluxes at the 
end points of the A^Uĵ . 

The following development argument of the DSN method follows 
essentially that given by Carlson and Bell.(37) 

In the DSN method an assumed form, 

( ^ k | ; + 7 ^ + 2 ) 0 ( r , M k ) + ( a k ^ - 7 ^ + 2 J 0 ( r , M k - i ) = 2S(r) 

s imilar to that obtained in the SNG method, is taken. The parameters 
aj^, bk, and ak are not defined. The equation is t ransformed into a form 
having a smal le r number of p a r a m e t e r s . The Mk and Mk-i again signify 
a pr ior i chosen end points of chosen A/ik intervals . In addition, values 
of Mk are also a pr ior i chosen, such that 

'^k-i - /^k - ^k-

The previous equation may be re -wr i t ten as 
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d0 , , _ d0 , , 
^ k 7 7 (r. Mk) + a k — (r, Mk-i) .Mk) + 0(r,Mk-i) 

+ Z 0(r,Mk) + 0(r,Mk-i) r,Mk.i) = 2S( 

by addition and subtraction of bk / r on the left side. The argument is that 
more generally the equation may take the form 

d0 -^k _ -^k 
^ k a ; (r.^k) +^-0( i - .Mk) + 2*(r.Mk) " — * ( ^ ' ' ^ k - i ' = ^ ( ^ ' ' 

where Aĵ  = Mk- Mk i^ the chosen discrete direction between Mk-i and 
Mk' and Bk is obtained by imposing the property of neutron conservation. 
Neutron conservation requires that for each energy group the equation 

\ d r 
^ ^ + - ^ ) j ( r ) + Z0(r) = S(r) 

holds, where the group current is given by 

1 v-
J('') =~ L ('^'^)k'^k *(r,Mk) 

k = i 

and the scaler flux is given by 

0(r) = 1 Z (AM)k 0(r,Mk). 
k=i 

In this manner it was determined that 

B. = 2 ^^-T¥. 
(/^k " M k - i ) ^^ Z f (̂ )̂ k^k 

The Mk are the chosen k'th discrete directions, and the (A/i)k is the quad­
rature weight chosen for the k'th ordinate. 

To start thejingular i terative process for a group 0(r,Mk i) for 
k - 1, I.e., 0(r,Mo) = 0(r. -1), is obtained from the original group t r a n s ­
port equation with ^1 = -I; 

S0 , 
" ~ ( r , -1) + Z0(r, -1) = S(r). 
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From 0(r, -1) is then obtained 0(r, Mi) by means of the DSN equation. A 
linear extrapolation. 

(r, Mk) = 
0(r,Mk) - 0(r,Mk-i) 

Mk " Mk-i . 
(^k- Mk-,) + *(r,Mk-,) 

is then used to obtain the spatial distribution of the angular flux at the 
right end point of the (A|U)i angular interval for subsequent use in the DSN 
formula, etc . 

Although the method may use any quadrature formula, from the 
point of view of neutron migration it is satisfying if the group scalar 
fluxes obtained by all o rders of approximation of the DSN method result 
in the same fluxes as given by diffusion theory for problems in which 
diffusion theory is adequate. Recall that SNG satisfied this requirement 
automatically through choice of l inearity of angular flux between interval 
endpoints. Considering that with linearity of angular flux, as required by 
diffusion theory, 0(M) ~ M> then the current is 

i/: 11 djj. = J 

which places a requirement on initial choice of quadratures or an ad­
justment of quadrature pa ramete r s in DSN so that analogously 

it 
k = i 

(AM)k(Mk) ' = T 

In the DSN codes as often used the (AM)k intervals (weights) are 
chosen equal and even in number. The Mk (discrete directions) a re chosen 
approximately to be at the midpoints of the (A f.i)k. They deviate from the exact 
midpoints by some small common factor which is analytically determined 
so as to insure the previous desi rable correspondence with diffusion theory. 
For example, for the S4 sphere case , the Mk values(39) a re -0.7745966, 
-0.2581989, -1-0.2581989, and -fO.7745966, which are seen to differ from the 
exact midpoint values -0.75, -0.25, -F0.25, and +0.75 by a factor -1.0328. 

Another modification to insure the l /3 cur ren t factor has been the 
use of a constant small incremental shift in the midpoint positions .^37) 

It is informative to briefly list here some of the usual problem 
types solved by the DSN method. As normally coded, it is applicable to 
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n = 2 , 4 , 6 , 8 , or 16-order approximations in plane, infinite cylinder, and 
spherical geometr ies . Adjoint solutions are also obtainable. 

1. Obtain kgff, given dimensions and compositions, 

2. Obtain concentrations of specified mater ia ls for cr i t ical i ty, 
given dimensions and compositions. 

3. Obtain dimensions of part icular regions for cr i t ical i ty, given 
dimensions and compositions. 

4. Obtain the exponential rate (a) on the assumption that the flux 
is separable with respect to t ime, with time variation exp (at) . 

Among options, various boundary conditions may be imposed at the 
central and outer boundaries. Outer boundary condition options a re zero 
inward flow, perfect reflection, and slab periodicity. For slabs there a re 
on the inner (left) boundary in addition to perfect reflection also the free-
boundary and periodic-boundary conditions. "Periodic boundary" denotes 
the condition where the angular distribution at one slab boundary equals 
the angular distribution at the other slab boundary as required in some 
slab-cell calculations. 

A 2-dimensional DSN program is TDC for R-Z geometry 
calculations .(36,3 7) 
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IX. B N M E T H O D A N D A S Y M P T O T I C DIFFUSION THEORY 

D u r i n g d i s c u s s i o n of m u l t i g r o u p diffusion t h e o r y it was noted tha t 
in the event t h a t t he s y s t e m is b a r e and h o m o g e n e o u s , a n a l y s i s of m a ­
t e r i a l buckl ing and flux cou ld be r a t h e r s i m p l y c a r r i e d out even by h a n d . 
F u r t h e r m o r e , a s d i s c u s s e d , t he t r a n s p o r t a p p r o x i m a t i o n can be u s e d in 
c a s e of l i n e a r s c a t t e r i n g , s u b j e c t , of c o u r s e , to the a s s u m p t i o n tha t 
a n i s o t r o p i c s c a t t e r i n g into o t h e r g r o u p s c a n be n e g l e c t e d . In both the 
P i a p p r o x i m a t i o n and in the c o r r e s p o n d i n g d i f f u s i o n - t h e o r y s o l u t i o n s , 
only a n g u l a r flux d i s t r i b u t i o n s up to l i n e a r a n i s o t r o p y a r e a c c o u n t e d for . 
S i tua t ions a r i s e , h o w e v e r , in wh ich flux a n i s o t r o p y h i g h e r than l i n e a r 
m u s t be c o n s i d e r e d even though the a s s u m p t i o n of l i n e a r s c a t t e r i n g m a y 
be suf f ic ien t . T h e s e c o n s i d e r a t i o n s l ead to the s o - c a l l e d c o n s i s t e n t B , 
and Bi a p p r o x i m a t i o n s ( 4 0 ) in ana logy wi th the c o n s i s t e n t P i and P i a p p r o x ­
i m a t i o n s . C o r r e s p o n d i n g to the a n a l y s i s of fundamen ta l ( no rma l ) mode 
diffusion t h e o r y t h e r e i s ob t a ined an a n a l y s i s by fundamen ta l m o d e a s ­
y m p t o t i c diffusion t h e o r y . ( 5 . 3 0 ) x h e l a t t e r is a so lu t ion which con ta ins a l l 
o r d e r s of flux a n i s o t r o p y in t he so lu t ion of the s c a l a r flux. I m p o r t a n t for 
fast r e a c t o r m u l t i g r o u p a n a l y s e s is tha t the g r o u p s c a l a r f luxes and m a ­
t e r i a l b u c k l i n g s m a y be m o r e a c c u r a t e l y ob ta ined for the c e n t r a l r e g i o n s , 
a s s u m i n g of c o u r s e t h a t the c r o s s - s e c t i o n p a r a m e t e r s a r e suf f ic ien t ly 
w e l l - k n o w n . 

T h e o n e - d i m e n s i o n a l , m o n o e n e r g e t i c , s l a b - g e o m e t r y , t r a n s p o r t 
equa t ion is 

M ^ ( X , M ) + Z 0 ( X , M ) = r Z g ( M ' - M ) 0 ( x , M ' ) dM' + ^ . 

w h e r e 0(x,M)dM is the flux b e t w e e n M and dM, and S(x) is a s s u m e d to be 
i s o t r o p i c in the l a b o r a t o r y s y s t e m . 

t r a n s f o r m s 

0(B,M) = - = - / 0 ( x , ^ ) e ^ ^ ^ dx, 
V27T 7_K. 

^ OO 

iBx S(B) = -4=- \ S ( x ) e i t i x d^_ 
V2T 
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0 ( X , M ) 
V^TT 

( B , M ) e " ' ^ ' ' d B , 

and 

S(x) = - A / S ( B ) e " ' ^ ' ' d B 

a r e e m p l o y e d . 

M u l t i p l i c a t i o n of the t r a n s p o r t equa t ion by e^-^^ and i n t e g r a t i o n of 
a l l t e r m s be tween -oo and -l-oo wi th r e s p e c t to x g ive 

r+'^ S0 /•+°° 
M I e^^^ - r - (x, /n)dx -h Z | e^^^ 0(x,/i) dx = 

* / - CO ' ^ - 00 

j 2g(^' -> M) r Zs(;u' -> M) / e iBx 0(x ,M')dxdM' + f S l x ) ^ ^ B x d x . -I 
By i n t e g r a t i o n by p a r t s of the f i r s t i n t e g r a l and e x p r e s s i n g in t e r m s of 
t r a n s f o r m s , the equa t ion m a y be c a s t in the f o r m 

Z0(B,M) 1 - • 
iMB 

Zs(M' - M)0(B,M' )dM' + ^ . 

M 

A s s u m e i s o t r o p i c s c a t t e r i n g in the l a b o r a t o r y s y s t e m , i . e . , for BQ 
a p p r o x i m a t i o n , which is the c a s e p r e s e n t l y of i n t e r e s t . H e n c e , s u b s t i t u t i n g 

/ : 
Z g d / i ' = 2 Z g 

and 

0„(B) = / 0 (B, f i ' )dM' 

into the p r e v i o u s equa t ion and then dividing by the quan t i ty in b r a c k e t s g ive s 
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Z0(B, / i ) = -S Vo •.B)_ 

IMB' 

S(B) 

I n s e r t i o n of the L e g e n d r e e x p a n s i o n 

[••¥ 

i = 0 
B ) P ^ ( M ) , 

into the left s i de of the equa t ion , m u l t i p l i c a t i o n of both s i d e s by P J ( M ) , and 
i n t e g r a t i o n wi th r e s p e c t to M give 

r\^:M Z 
J-i L £=0 

Z£ + 1 
;)^(B)P^(M) dM 

Z g ^ o 
1 r ^^i"' - 1 r ' Pi(' 

(-¥) 
1 r+' Pj(M) 

( ' • ^ = ) 

d/i 

As only the j ' t h i n t e g r a t e d t e r m is n o n - z e r o , the 0j(B) of the Bo approx i ­
m a t i o n is 

w h e r e 

. ( B ) = rZg0o(B) f S(B) 

Î  ^ + 1 Pj(M) 

A . 
J . " ' 

^ J , o = T 

given by 
(The c o r r e s p o n d i n g coef f ic ien ts for the B ^ a p p r o x i m a t i o n a r e 

J r + i P (;:i)P^(;Li) 

w h e r e £ = n. 
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from 

(B), which is the t ransform of the scalar flux, is then obtained 

Z0„(B) = Zg 0o(B)Aoo + S(B)Aoo, 

which may be written explicitly as 

T.,B) . 3 2 ^ 

"-(•f) ta 

for 

Aoo = 4 t a n - ' ( I - ) . 

In te rms of absorption cross section Z A = Z - Zs , the previous expression 
for 0o(B) takes the form 

^(B) =- S(B) 

Z A + 

^ ^ 

The above is the asymptotic diffusion-theory equation, and the quantity in 
brackets is the asymptotic transport leakage te rm corresponding to B /3Z 
of diffusion theory, where B is the buckling.(5.30) Jn cases where B^ is 
negative (i.e., k̂ ^ < l), then v-B^ = iB and the bracketed expression con­
tains tanh rather than tan" . Negative B are encountered, for example, 
in the calculation of the equilibrium spectrum in natural uranium and in 
fast reactor blankets sufficiently distant from core neutron sources . 

For small values of B/Z , 

- ( f ) B _ B^ ^ B^ 

^ 3Z^ 5Z^' 

so that 

lim 

^ - 0 

Z t a "-'(f) 
""-'(f) 

3Z ' 
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Application of asymptotic diffusion theory to the case of linear 
scattering may be made by substitution of t ranspor t cross section for the 
total c ross section. 

Extension of asymptotic theory to multigroup fundamental mode 
analyses for spectral and buckling analyses is evident by analogy with the 
previously described diffusion-theory normal-mode calculations. 

As an example of the method and to indicate the order of magnitude 
of the deviations between diffusion theory and asymptotic diffusion theory, 
the two-group numeral example of Section III will be recalculated with use 
of the previously obtained B-value from diffusion theory in the asymptotic 
equations: 

• ^ D . T . 

Group I 

D.T. 
3 Z i 

= 0.005 cm"^ 

= 0.00929, 

B D.T. 

^ D . T / 4 B^\ 
— 1 - — ^ = 0.00880 . 

3Zj V 15 Zf/ 

Hence, for Group I diffusion theory gives about 4% more leakage in this 
case. 

Group II 

^D .T . 
3Z 

0.006 
II 

31, %^ f l - ^ 4 ) = 0.00619. 

Hence, for Group II diffusion theory gives about 2% more leakage in this 
case . 

The calculated asymptotic diffusion group fluxes are 0i = 5.09 and 
0'2 = 40.1 . Also, kgff = 1.011 with the assumed B o x . = 0.0733 cm" ' . 
Comparison with k^rv'^- = 1.005, obtained with use of the same buckling, 
shows that the resul t of diffusion theory corresponds to about 0.6% less 
reactivity than is obtained by the asymptotic method. 

It may be noted that the normal -mode , many-group E L M O E ( 3 0 ) and 
G A M ( 2 6 ) codes, whose group intervals a re quite narrow, contain consistent 
Bi options which allow for linear scat ter ing, including anisotropic sca t te r ­
ing to other groups. 
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Use of normal-mode calculations a r i ses also in connection with the 
calculation of reflector savings. The difference of reflected core radius 
and extrapolated bare core radius derived from asymptotic-theory mate r i a l -
buckling calculations, for consistency, should be based upon, for example, 
a DSN reflected core calculation having a sufficiently high-order angular flux 
approximation. The scattering anisotropy in both the normal-mode and 
the DSN calculation should be equivalent, i.e., both isotropic or both linearly 
anisotropic, employing the t ransport approximation. 
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X. EQUILIBRIUM SPECTRUM AND FAST DIFFUSION LENGTH 

Comparison of calculated integral quantities with corresponding 
experimental measurements is one means of checking in a gross manner 
the validity of a multigroup c ross -sec t ion set. Some integral measurements 
are cr i t ical mas s , detector foil activations, fission detector ra tes , r e ­
activity effects of mater ia l replacements both local and uniform, and 
prompt-neutron lifetime.(8,41) 

As an exannple of a comparison of calculation with experiment, a 
choice of par t icular in teres t , both from the point of view of a check on U"^ 
cross sections and because it represents integral measurements on a sys ­
tem having koo < 1, is the Snell block experiment.(42) Analytically, it i l lus­
t rates also the use of normal-mode calculation for negative B^. 

The Snell experiment consists of a very large block of natural u ra ­
nium into one face of which neutrons diffuse from a source such as a 
reactor thermal column. Within some distance into the block the initial 
neutrons are essential ly absorbed. The fission absorptions in the natural 
uranium block produce fission spectrum sources. The neutrons from the 
latter sources then undergo the various fission, capture, slowing-down, 
and diffusion p rocesses as determined by the various cross sections of 
natural uranium. 

At a sufficiently large distance into the block the flux spectrum be­
comes independent of position. The fission source distribution and the flux 
distribution in space are such then of the form e^Bx^ where B is imag­
inary, i .e. , e- |B |x , assuming that block is of infinite extent in the radial 
directions. The spect rum is then re fer red to as an equilibrium spectrum, 
and L = 1/ |B | is called the fast diffusion or relaxation length. 

Measured relative responses of various detectors allow est imates 
of the equilibrium spectrum. Trave r ses of detectors through regions of 
the block having the equilibrium spectrum enable measurement of the 
fast diffusion length. 

F r o m the point of view of fast reactor physics the comparison of 
measured and calculated values of fast diffusion length is instructive. It is 
a quantity especially sensitive to the t ranspor t and capture c ross sections, 
as well as to the inelas t ic-scat ter ing matr ix . 

Measurements with depleted uranium have been reported by Russian 
invest igators . (4 3) 

In a natural uranium blanket surrounding a reactor core the flux 
spectrum approaches equilibrium at large distances from the core. Exper­
iments of this type have been reported by the Bri t ish for the blanket of the 
fast reactor Zephyr.(44) 
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With a spatial distribution of the form e"|B|x_ thg multigroup 
normal-mode analysis may be used. Either the group leakage t e rm 
- bH/3Ztj . . or the more accurate leakage te rm of the Bj method with 
t ransport approximation. 

tanh- ' (|B|/Ztrj) Zt 
•̂ J 

is used. The successive group fluxes are calculated, followed by iteration 
by varying | B | until convergence. Convergence in this case is determined 
when the relative levels of the group fluxes are such that the neutron flow 
into a unit volume plus the fission sources produced in the unit volume 
equals the total absorptions in the unit volume. 

A recently reported measurement of relaxation length,9.17 ± 0.18 cm, 
is that of Chezem.(42) An Oak Ridge value(45) is 9.6 cm and an Argonne 
measurement(46) has given 10.0 + 0.2 cm. 

Yiftah et al.,(23) have calculated a value of 8.86 cm, which is low 
relative to the experimental values, as is also a previously calculated 
value of 8.5 cm by Meneghetti et al.(47) 

It is instructive to note that the latter investigators obtained 
previously the calculated value of 9.9 cm. Availability of newer inelastic 
scattering data, however, resulted in the subsequently calculated lower 
value of 8.5 cm. This i l lustrates an example of the sensitivity, in certain 
cases , of integral quantities to cross-sect ion parameters . In this case, 
it shows the sensitivity of L to the inelast ic-scattering matrix. 
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XI. RESONANCE SCATTERING EFFECTS ON GROUP PARAMETERS 

In averaging cross sections over the energy interval of a group, 
some assumption is made as to the 0(E) within the group. Generally, at 
very high energies this is assumed to be a fission source distribution. At 
energies on the high side of the flux maximum and on the low side of the 
flux maximum, suitable smooth decreasing and increasing functions of en­
ergy are used. In the energy region of the maximum, a constant flux weight 
is often assumed. After an initial calculation a smooth curve may be drawn 
through the flux-distribution his togram obtained from the group fluxes to 
obtain an improved gross spectral shape for intragroup weightings. 

If a large number of groups having very small group intervals are 
used, the question of the intragroup flux distribution generally becomes un­
important. The group widths (AE);, however, a re not generally chosen to 
be so small that the e las t ic-scat ter ing moderation into lower groups than 
into the adjacent lowest group need be considered. This restr ict ion reduces 
considerably the pa rame te r s required. If the heavy fuel and fertile mate­
rials a re the predominant mater ia ls in the system, this restr ict ion intro­
duces negligible e r ro r . 

If considerable amounts of intermediate and lighter mater ia ls a re 
present , such as the common diluents and structural mater ia l s : iron, 
sodium, and aluminum, this res tr ic t ion can introduce e r r o r s if a pr ior i 
improved intragroup 0j(E) a re not used in the weighted averaging of the 
group cross sections(30) xhis difficulty does not a r i se because of the 
greater moderating effect, but because of the prominent resonance sca t ter ­
ing charac te r i s t i cs of these mater ia l s in the fast energy range from a few 
kilovolts to the MeV region, especially below ~0. 5 MeV. The evaluations of 
group-t ransport and group elas t ic- t ransfer c ross sections must consider 
these detailed resonances. 

Consider that the group energy interval AEj contains resonances. 
As an idealization, consider that the energy region of interest is sufficiently 
removed from the Placzek function effects due to fission and inelastic scat­
tering sources at higher energies. The cross section in the group is a s ­
sumed to be that of pure elastic scattering. As 

' t r 
E) dE 

where 

ati.(E) = ag(E)(l - M) 

and as the collision density is constant per unit lethargy. 
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E0(E)ag(E) = cons t . , 

so tha t 

0(E) const , 
Eas(E) ' 

then 

dE / dE 

" J A E . E°S (E) [ I - M ( E ) ] / J , ^ EOS(E) 

Now, in a fas t r e a c t o r the enve lope of the l o w - e n e r g y s ide of the 
s p e c t r a l d i s t r i b u t i o n does not v a r y a s I / E ; in fact , n e g l e c t i n g the fine flux 
v a r i a t i o n s due to r e s o n a n c e s , the envelope d e c r e a s e s with d e c r e a s i n g 
ene rgy . If the group i n c r e m e n t AE- i s , h o w e v e r , not l a r g e r e l a t i v e to the 
s m o o t h e d - o u t enve lope , but l a r g e c o m p a r e d with the wid ths of r e s o n a n c e s 
wi th in AEj, then the enve lope v a r i a t i o n is neg l ig ib le and 

T \ / dE 
° t r A - J A E , °S (^ ) [1 -M(E) ] 

•̂  J 

The con t r ibu t ions of the r e s o n a n c e s to the group t r a n s p o r t c r o s s s e c t i o n 
a r e d i m i n i s h e d due to the d i m i n i s h e d flux m a g n i t u d e s at the r e s o n a n c e s . 

In p r a c t i c e , not only m u s t o the r c r o s s s e c t i o n s be c o n s i d e r e d , but 
a l so c r o s s s e c t i o n s of the o the r m a t e r i a l s p r e s e n t , and in p a r t i c u l a r the 
r e s o n a n c e c r o s s s ec t i ons of o the r s c a t t e r i n g m a t e r i a l s . S t r i c t l y , then, 
homogen iza t ion should p r e c e d e the a v e r a g i n g eva lua t ion . In g e n e r a l , if 
r e s o n a n c e effects a r e not c o n s i d e r e d in the de t a i l ed 0(E) v/eighting function 
wi thin the g roup , but a r e c o n s i d e r e d in the t r a n s p o r t c r o s s s e c t i o n 0|-j,(E) 
wi th in the g roup , the g roup t r a n s p o r t c r o s s s ec t i on will tend to be e x c e s s i v e . 

H u m m e l and Rago a t Argonne have deve loped the E L M O E code, (30) 
an IBM-704 p r o g r a m , in an a t t e m p t to c a r r y out p r o p e r a v e r a g e s of group 
c r o s s s ec t i ons for t r a n s p o r t and e l a s t i c t r a n s f e r , ( C l e a r l y the p o s i t i o n s 
of r e s o n a n c e s r e l a t i v e to the end po in t s of the g roup i n t e r v a l a r e i m p o r t a n t 
in the evau la t ions of the t r a n s f e r of n e u t r o n s out of the i n t e r v a l , ) They e m ­
ploy m a n y h u n d r e d s of v e r y n a r r o w s u b g r o u p s to c o v e r the whole e n e r g y 
r a n g e of i n t e r e s t in the s y s t e m , including a d e t a i l e d e l a s t i c - s c a t t e r i n g 
m a t r i x and de t a i l s of r e s o n a n c e s . The n o r m a l - m o d e a n a l y s i s i s by the 
s i m p l e diffusion, c o n s i s t e n t P i , or c o n s i s t e n t Bj method . 

An example of the effect of de t a i l ed r e s o n a n c e c o n s i d e r a t i o n on 
va lues of group c r o s s s e c t i o n s a r e shown in Tab le VII. L i s t e d a r e the r a t i o s 
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of ELMOE-modified to unmodified Yiftah et al.,(23) c ross sections for 
aluminum in a predominantly aluminum diluent crit ical assembly and for 
stainless steel in a stainless steel diluent crit ical assembly. (48) 

Table VII 

RATIO OF MODIFIED TO UNMODIFIED CROSS SECTIONS 
FOR ALUMINUM AND FOR STAINLESS STEEL 

(From Ref. 48) 

E n e r g y 
G r o u p 

1 

2 

3 
4 

5 
6 

7 

8 

9 
10 

11 

12 
13 

14 

15 

16 

L o w e r 
E n e r g y 

of G r o u p 
(MeV) 

3.668 
2.225 
1.35 
0.825 
0 . 5 
0 . 3 

0.18 
0.11 
0.67 
0.0407 
0.025 
0.015 
0.0091 
0.0055 
0.0021 
0.0005 

Rat io 

A l u m i n u m 

T r a n s p o r t 

(1)^ 
0.83 
0.95 
0.85 
0.945 
0.94 
0.76 
0.61 
0.475 
0.67 
0.24 
1.07 
0.97 

(1) 

(1) 

(1) 

E l a s t i c 
T r a n s f e r 

(1) 
1.11 
1.25 
1.02 
1.11 
1.02 
0.93 
0.84 
0.61 
0.68 
0.36 
1.00 
1.00 
(1) 

(1) 

(1) 

S t a i n l e s s Steel 

T r a n s p o r t 

(1) 
0.86 
0.97 
0.91 
0.95 
0.86 
0.94 
0.84 
0.64 
0.95 
0.49 
0,67 
0,98 

(1) 

(1) 

(1) 

E l a s t i c 
T r a n s f e r 

(1) 
0.81 
1.14 
1.03 
1.11 
0.78 
1.03 
0.99 
0.80 
0.95 
0.75 
0.73 
0.98 

(1) 

(1) 

(1) 

aindicates no ELMOE calculation for these groups. 

In a calculational study(48) of a ser ies of ZPR-III fast critical a s ­
semblies, Meneghetti concluded that use of the simple P-1 ELMOE-
averaging correct ions leads to crit ical mass values ~5 to 10% greater than 
those calculated from the direct, Yiftah et al., set of cross sections. 

As the ELMOE code is a fundamental-mode analysis, the question 
of resonance effects in the outer region of a core and in a blanket region is 
not, however, directly resolved. 

Assuming that the t ransport cross section is properly resonance 
averaged, the following trends given by Hummel and Rago(30) i l lustrate 
the effects of interrelat ion of cross sections: 
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(a) The presence of increasing amounts of U^̂ ^ and U^^' tends to 
increase effective t ransport cross sections, since these elements add a 
constant t ransport cross section to a mixture which fills in low places in 
the resonance scattering cross sections. Such regions have a high weight 
in the l/Z^-j. averaging process because of flux r ise at these points. 

(b) Increasing amounts of a single light element tend to decrease 
the transport cross section of that element for the same reason, 

(c) A mixture of light elements tends to lead to higher apparent 
transport cross sections for the individual elements, because the minima 
in the cross section of a given element a r e usually filled in by other 
elements. 
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XII. MULTIGROUP ADJOINT FLUX AND 
PERTURBATION ANALYSIS 

Although familiarity with the adjoint concept is assumed, a brief 
review with emphasis on the multigroup formulation will be presented. 
The adjoint fluxes can enter into calculation of quantities such as effective 
delayed-neutron fraction, neutron lifetime, reactor period, and mater ia l -
replacement effects. Calculation of these quantities in fast reactor anal­
yses is generally by multigroup methods. The comparisons of results of 
calculations of these integral quantities with experimental results judge 
the reliabil i ty of c ross -sec t ion paramete rs , methods of calculations, and, 
at t imes, even the reliabili ty of experimental data. 

The N-energy group diffusion equation with downward transfer co­
efficients may be written (for example, see Ref. 8) as 

N k=j-i 

DjV^0j - aa.0j - o.^ 0. + Xj Y "̂'"f̂ k *k + X ""k-̂ j *k = 0; 
k=i k=i 

1,...,N, 

where 0^. is the sum of group capture and fission cross sections, 0-
is the t ransfer c ross section out of the group, Ok-»j ^̂  ^^^ transfer 
cross section from group k to group j , and Xj is the fraction of the fis­
sion spectrum in group j (assumed identical for all fissionable isotopes). 
The a's a re here to be understood as homogenized, microscopic cross 
sections. 

As is known, the set of equations may be expressed as a matr ix 
equation ( M ) ( 0 ) = 0 where (0) is the column vector consisting of the com­
ponents 0;. The corresponding adjoint equation for the adjoint flux, 
(M-'")(0''") = 0, is directly obtainable by interchange of rows and columns 
of (M) to form ( M + ) . ( 4 9 ) 

Thus, with two groups, 

DiV20i - a^^0i - Qj^^ 01 + Xl (va£)i0i + X^ (vaf)2 .02 = 0 

and 

D2V^02 - a a ^ 0 2 + Xi(vaf) j0i + X2(va£)^02+ o^^^ 0i = 0 

may be writ ten in mat r ix form as 
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/ (DiVf - a^^ - a,^^ + Xl va£^) {X, va^^) \ /0i \ 

The m a t r i x adjoint , ( M ), is then 

/ (Di Vf - Oâ  - â _,̂  + Xl W£ )̂ (X2 va£^ + a^^p \ 
(M-̂ ) ^ 2 

\ (Xiva£p (D2V2 - a^^+ X^vo^^l 

and the adjoint equa t ions a r e 

D, V'0i+ - Oa, 0+ - o^_^ 0+ + Xl voi^ 0+ -h X2 W£j 0+ + â _^̂  0+ = 0 

and 

D2V'0+ - Oa,̂  0+ -h X2 va£^ 02̂  + X, W£^ 0+ = 0. 

E x t e n s i o n to m o r e e n e r g y g r o u p s is ev ident . 

In g e n e r a l , then, for a c r i t i c a l s y s t e m 

(M)(0) = 0; (M-^)(0-^") = 0. 

The m a t r i x ( M ) m a y , however , be e x p r e s s e d a s the s u m of p r o d u c t i o n and 
l o s s m a t r i c e s : 

(M) ^ ( P ) + (L). 

In two g r o u p s , for e x a m p l e , 

(Xiva£^) ( X i W £ p 
(P) = 

(X2va£) ( X 2 v a f ) 

and 

(DiVj - a^^ - a^^^) (0) 

( L ) = , 

F o r a c r i t i c a l s y s t e m , then, 

( P + L)(0) = 0. 
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In general , for a cr i t ical or noncrit ical system, 

( | + E ) ( 0 ) = O, 

and 

(P)(0) 

' (L)(0)' 

The (0) a re here the solutions with mat r ices (P) and ( L ) . Also, as k-*" = k, 
the general adjoint equation is 

( ^ + L+) (0+) = 0. 

By use of the flux and adjoint equations, and the adjoint properties 

j j ( 0+)(P)(0)dVdE = /J(0)(P+)(0-*-)dVdE 

and 

jJ(0+)(L)(0)dVdE = jfJ(0)(L+)(0+)dVdE, 

it may be shown that 

)(0+)(P)(0)dVdE 
k = 

/ / ' 
(0•^)(L)(0)dVdE 

is stationary. By this equation k' may be estimated for systems having 
matrix operators (P') and/or (L') differing slightly for (P) and ( L ) by 
replacement of the primed mat r i ces for the unprimed in the integrals, the 
flux and adjoints being known solutions of the unprimed matr ix diffusion 
equations. 

The perturbation expression for fractional change in the eigenvalue 
is then directly obtainable by differentiation (square brackets here r e p r e ­
sent the integrations) where (6 0"'") and (60) a re neglected:('^9) 

6k _ [ ( 0 - ^ ) ( 6 P ) ( 0 ) ] [(0+)(6L)(0)] 

k ' [(0+)(P)(0)] ' [(0-^)(L)(0)] • 
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This further reduces to 

_6k [(0-^)(6P-6L)(0)] 

k " [(0+)(P)(0)] ' 

if k is unity for the unperturbed system. The denominator is the volume-
energy integral of importance-weighted fission neutrons in the entire sys­
tem before the perturbation. 

The forms of the integrals for multigroup perturbation analyses 
may be il lustrated by the explicit expressions for two-energy groups. 
The denominator is then 

[(0-^)(p)(0)] = r0+XiVia£j0idV + j0+Xi-t^2%*2dV 

+ Jt>t^z^i%t>,dV -̂  J0+X2v^a£^0^dV, 

where the cross sections are macroscopic, the integrals are over the en­
tire volume of the system, and the fluxes and adjoints are the group fluxes 
and adjoints of the unperturbed system. The numerator t e rms are 

[(0-^)(6P)(0)] = U+X,6{v^af^)0,dV -̂  r0 + Xi6(v,a£^)02dV 

+ j 0 + X 2 6(Via£^)0jdV + j0 + X^6{v^ai^)0^dV 

and 

-[(0+)(6L)(0)] = - U+da^(t>, dV - U^da^0^dV - r 0+6a i^2* idV 

+ /^^^Oi^sAdV - I 6DiV0+ • V0idV - f 6D2V0+ • V0^dV. 

In the latter expression the first two integrals represent the group absorp­
tion (capture plus fission) effects. The third and fourth t e rms taken to­
gether represent the effect of the net difference in importance of neutrons 
t ransferred, i.e.. 

j(02+ - 0+)6aj_^0jdV. 

This indicates the physical meaning of the adjoint function. Thus, 
î Oi—2 01 corresponds to a neutron sink or negative source in group 1 and 
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simultaneously a neutron source in group 2. The importance of this ex­
change in its effect upon reactivity, and hence upon the overall neutron 
inventory, is determined by the relative values of the adjoints. Physically 
then, for example, if a relatively small number of neutrons are continu­
ously externally added or removed at a particular position and energy in a 
slightly subcri t ical system, the overall relative flux is proportional to the 
(fi^ at that position and energy. The last two terms give the importance of 
leakage effects in the perturbed region. These diffusion terms are obtained 
in the given gradient product form by application of the divergence theorem 
and the vector relation 

V- ( A V B ) = VA • VB -I-AVB. 

It is noted that the leakage effect te rms are zero at the reactor 
center where the gradients are zero. Thus, for central danger coefficient 
calculations they do not enter the calculation. 

It is both useful and instructive to ca r ry out the fundamental-mode 
analysis for the group adjoint fluxes in analogy with the previous bare core 
flux analysis. By substituting -DiB^0+ and -D2B^0+ in the two-group ad­
joint equations for the DiV^0j'- and D2 7^0^ terms, one obtains, in the r e ­
verse order , 

(V2^f2)(Xl0|+X20t) 
0+ = -

and 

(ViOfi)(Xi0t + X20+2) 
, , 1 ' 1 " • • - — • ' 

0; = ' T" 
' Oai + Oi_2 + DiB' 

The eigenvalue is then given by 

(x ,0 t + x^<p\y 

.a4 

k = (X,0-t + X20t) 

where the denominator is the initially assumed value, which may be taken 
as unity, thus simplifying the group adjoint expressions. 

The equality k-̂  = k may be directly shown by substitution of the 
explicit expressions for 0;*- and 0+ into the above expression for k. 

It is of interest to compare some multigroup central danger coeffi­
cient calculations by perturbation analysis with experiments. Longetal. ,^ 
has reported a few comparisons between measurements of fast cr i t ical a s ­
semblies constructed in the Argonne fast facility ZPR-III and calculated 
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reactivi t ies. These calculations were made with the l6-group Yiftah e^ al_., 
set.(23) Xo avoid calculation of the importance volume integral of fission 
neutron sources over each of the assemblies , the resul ts were normalized 
b y ^ hoc equation of the calculated and experimental values for Pu . The 
values listed in Table VIII are given in millibarns and normalized to the 
effective P u " ' cross section per atom in the given fast assembly spectrum 
calculated by [{v - l)a£ - ag]Pu" ' . 

Table VIII 

EXPERIMENTAL AND CALCULATED CENTRAL 
REACTIVITY COEFFICIENTS (in mb) 

(from Ref. 50) 

M a t e r i a l 

P u " ' 
U " 5 

U238 

A l 

F e 

A s s e m b l y 22 

E x p Calc 

3238 
1772 

- 8 4 

- 1 3 . 1 
-23.8(SS*) 

1939 
-94 .8 
- 10.4 
-24 .4 

A s s e m b l y 23 

E x p Calc 

3395 
1774 

4 0 

3 . 5 

0 .9 

1964 
67.5 
12.2 

2 . 6 

A s s e m b l y 29 

E x p Calc 

3250 
1913 
-100 

2 . 2 

-6.7(SS) 

2066 
-97 .9 

2 . 6 

-8 .5 

*SS = stainless Steel. 

The core of Assembly 22 is about 9.4 v/o U^", 70 v/o U"°, and 
9 v/o stainless steel. Assembly 23 is about 9-3 v/i o U" 0.7 v /o U^ 
43 v/o aluminum, and 9 v/o stainless steel. Assembly 29 represents an 
oxide (UO2) core having about 5 v/o U" ' , 10 v/o U"*, 24 v/o aluminum, 
25 v/o stainless steel, and 14.5 v/o oxygen of density 2.55 gm/cc . 

It is seen that U"^ is positive in the harder spectrum Assembly 23 
where fast fission is more important. For materials which are neither 
strongly capturing nor fissioning, the sign and magnitudes of danger coeffi­
cients are very sensitive to the adjoint functions through the group transfer 
matr ices . 
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XIII. PROMPT-NEUTRON LIFETIME AND EFFECTIVE 
DELAYED-NEUTRON FRACTION 

Another integral quantity of interest is the prompt-neutron lifetime 
of a system. For a fast system this is many orders of magnitude smaller 
than for a thermal system. As a consequence, if the reactivity of the sys­
tem is more than prompt cri t ical , the flux level of the fast system will r ise 
extremely rapidly. For example, for a fast reactor the prompt-neutron life­
time Jlp = 10-^ sec, whereas for thermal reactors Ip = \0'^ to 10-^ sec. 

Recall that the exponential increase in flux level for a system having 
excess prompt reactivity Akp varies with time as e''"'̂ t_ where ct = Akp/.^p. 
If, then, the exponential time variation, 0 = ^ (x) e'̂ t^ is substituted into the 
time-dependent diffusion equation, 

DV20 - z , 0 + vz,0 = — I T , 
a 1 V ot 

there is obtained a modified form of spatial equation: 

DV^(p- (z^+—)(l>+ vZ£ <p = 0. 

The spatial solution differs from the case of a non-time-dependent case by 
the effect of the t e rm {a/v)0. £p may be obtained by adding a l /v -absorber 
throughout all regions of the system and evaluating the change in kgff due 
to the l /v -absorber . If, then, the macroscopic cross section of the l /v -
absorber is c/v, then 

-̂ p = ^kgaiguiatedA-

For multigroup analyses the group velocity Vj may be estimated by 

/ ' 
J_ _ group J 

0 ( E ) d E 
v(E) 

0(E)dE 
•group j 

where 0 ( E ) is some suitable assumed spectral distribution within the group. 

Calculation of ip can also proceed by use of fluxes and adjoint 
fluxes of the unperturbed system.(49) In this method, 
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ff(t>^l.(fdVdE = l l ^ d V d E , 
P 

all all 
EdV EdV 

as the lifetime multiplied by the loss rate of importance equals the total 
importance of all the neutrons, i.e., //0-*-NdEdV, where N = 0/v. As will 
be illustrated for the case of two energy groups, either 0"'" or N+ may be 
used in this importance weighting because both satisfy identical form of 
adjoint diffusion equations. 

For a cr i t ical system the loss rate of importance equals the pro­
duction rate of importance, the latter being an easier quantity to calculate. 
Thus, 

/ / ^ dVdE 

/ / ' 
)-'"P0dVdE 

The multigroup form of the expression is illustrated by the explicit two-
group form: 

0^02 
dV 

^P 
j(Xi0;^ViZ£j0i + Xi0;̂ V2Zf^02 -l- X^^t-tVl^tyi-l + X20^V2Z£^02)dV 

where the volume integrals are over the entire reactor system. 

The l/v insertion method results in the same .̂ p value as obtained 
by the adjoint weighting method in the limit as c ->- 0 in a ser ies of l /v cal­
culations. In a l/v insertion calculation, as the amount of absorber in­
serted is decreased, round-off e r ro r s become increasingly important. 
Satisfactory agreement between the two methods may be obtained, however, 
by extrapolation of the l /v insertion resul ts for various absorber strengths 
to zero absorber. 

The previous comment upon the equivalence of form of the N+ and 
0-'- equations may be illustrated by use of the two-group normal-mode 
solutions previously described. In te rms of 

VIN;"- = 0+ and V2N+ = 0^, 



the m a t r i x equa t ion for (N"*") i s 

(v,DiVi - vjOi - viai^2 -*- viXiVia£j) (viX2Via£^ + v^a^^^) 

(viXiV^Of) (V2D2V2 - V2a2 + V2X2l'2a£ 

N7 

If the L a p l a c i a n s a r e r e p l a c e d by the buck l ing B^, the equa t ions 

-viDiB^Ni+ - viaiNi-"- - V J O I ^ ^ N ; ^ -I- viXiVia£jN+ + viX2Via£jN+ + v^a^^^N^ = 0 

and 

-FV2XiV2a£^N+ - V2D2B^N+ - V2a2N+ +V2X2V2a£^N+ = 0 

then a l low the n o r m a l - m o d e so lu t ions for the N'^ to be obta ined: 

_ Vz-^20f2[XiNf + X^Nt]^ 
N ; 

V2O2 + V2D2B 

v iViOfJXiNf + X2N2^] + viai_2N2+ 
q = i 

ViOi + Viai_2 + VjDjB 
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As the g r o u p v e l o c i t i e s c a n c e l out, it is s e e n tha t the f o r m of the equa t ions 
a r e i d e n t i c a l wi th the 02 and 0j equa t ions obta ined in p r e v i o u s d i s c u s s i o n s . 

The quan t i ty |3eff, the effect ive d e l a y e d - n e u t r o n f rac t ion , m a y a l s o 
be c a l c u l a t e d by use of the g r o u p flux and adjoint so lu t ions of the diffusion 
equa t ions . (48 ,49 ) Pg££ is g iven by /3eff = D / ( P - f D ) , w h e r e D is a quant i ty 
p r o p o r t i o n a l to the w o r t h of a l l the de layed n e u t r o n s and P is a quant i ty 
p r o p o r t i o n a l to the w o r t h of a l l p r o m p t n e u t r o n s . 

In the m u l t i g r o u p no ta t ion and for the c a s e of, for e x a m p l e , the f i s ­
s ionab l e s p e c i e s U"* and U"*, D and P have the expl ic i t f o r m s : 

D = p '̂ 

+ /3^ 

'V J 

d V 

a n d 
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p = [1- r 1 f \i (̂ â£)f 0 i r z ^i^t dV 

+ [ 1 - / 3 ^ 

Jy '- J 
z 

^ J 
^ J * J dV. 

The fission fractions of the delayed and prompt neutrons a re normalized 
separately by 

Z x̂ =° = 1= z X . 
28D 

= 1; z X. = 1. 

The /3^' and P *̂ of the individual fissionable species may be evalu­
ated from experimental values of (n/p) , the number of delayed neutrons 
per fission, and of V, the mean value of the number of total neutrons emitted 
per fission, by the equation 

Hf) 
for each species. For example, some listed experimental values for the 
case of fast neutron fission are:\51,52j 

(?) 0.0165; 2.56; 

(f) = 0.0412; 2.62 . 

The delayed-neutron fraction for U^ is seen to be much larger than that 
of U"^. For comparison, other (n/p) values a re 0.0063, 0.0070, and 
0.0496 for P u " ' , U " ^ and Th, respectively.(52) 

The spectra of delayed neutrons have mean energies considerably 
lower than the ~Z MeV of the prompt-neutron spectra . The reportedv53) 
mean energies of the delayed neutrons of U"^, for example, a re about 250 
to 900 keV, depending upon the part icular delayed period. Attempts have 
been made to obtain the detailed delayed spectra for the part icular de­
layed groups(54) as well as a detailed, averaged delayed spectrum.v53) 

As a fast system often contains large quantities of, for example, 
fertile U^ mater ia l in both core and breeder blanket, the neutron spectrum 
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of a fast reactor is such that a considerable fraction of the fissions occur 
in the U"*. The calculation of (3g££, and as will be seen later of the 
reactivity-period relationships, a re dependent upon the relative spatial 
distributions of the fertile and fuel fissions. 

Illustrative of multigroup (lO groups) calculations of i p and i3g£f 
by the adjoint methods compared with experimental values of 

ag^'P = .ffAP) P exp 

are those for a ser ies of zero-power fast assemblies constructed with the 
Argonne ZPR-III facility(48) as given in Table IX. The measurements(55,50) 
were by the method of Ross i - a . The observed consistent discrepancv be-. caic , exp ' 
tween ttj^ and a-p̂  "̂  points to as yet-not-understood e r ro r s in calcula­
tion, experiment, or both. 

Table IX 

COMPARISON OF CALCULATED AND EXPERIMENTAL 
VALUES OF (Peff/ip) 

(Based on Table in Ref. 48) 

Assembly 
Number 

6 F 
9A 

22 (or 11) 
24 
25 

Calc-r^- Fiss ions 

In Core 

0.08 
0.17 
0.305 
0.35 
0.35 

Total 

0.27 
0.31 
0.38 
0.42 
0.40 

pcalc 
Peff 

0.00734 
0.00739 
0.00731 
0.00726 
0.00718 

^calc 
P 

X 10 sec 

6.57 
6.39 
5.77 
6.64 
6.77 

calc 
.^calc _ eff 

R ^ c a l c ' 
P 

sec" ' X 10"^ 

1.12 
1.16 
1.27 
1.09 
1.06 

,exp 
^R • 

sec" ' X 10"^ 

0.985 

-
1.04 
0.851 
0.91 

The value of /3gf£ may also be calculated without using adjoint 
functions. In this seemingly more direct method,\^ ' / the difference kgff 
between cri t icali ty calculations with and without the delayed neutrons is 
obtained. This gives directly |3ef£ = Akg££. The prompt spectrum for 
each mater ia l in each group is modified in the second calculation from 
Xj" to (Xj"-aj"i3"^), where a j " is the relative abundance of delayed fission 
neutrons emitted into energy interval of group j by mater ia l m and /3 
is the total delayed-neutron fraction of mater ia l m. Use of this method 
requires machine crit icali ty codes in which different fission spectra can 

be used for each isotope. If the code requires that the X = Z. X • = 
j •' 

then the quantity Z (XP-a j^^"^ ) should be re-normalized for each 

1, 

J 
J 

mater ia l and, in addition, all the V- for all groups of mater ia l m should 
be multiplied by (l - ?>^). ^ 
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It is to be noted that if delayed neutrons of energies near to or 
lower than the assumed lower limit of the prompt spectrum a re being con­
sidered in the analysis, then the first problem calculated should contain 
the fission spectra distribution of both the prompt and delayed neutrons for 
each isotope; otherwise (Xj - aj p ) may be negative for the lower groups. 
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XIV. PERIOD-REACTIVITY RELATIONS 

Mater ia l - replacement data a re frequently reported in units of 
cents /mole or Ih/kg, A cent is l/lOO of a dollar, Peff/lOO, where ;Sg££ 
is the reactivity required to bring a system from delayed cri t ical to 
prompt cr i t ica l . An inhour is the reactivity required to attain a stable 
period of one hour. 

For expressing experimental period measurements in such units, 
it is necessary to relate these units to the measured reactor periods. 
Similarly, experimental quantities expressed in these units must often be 
compared with corresponding calculated quantities by use of basic c r o s s -
section and delayed-neutron information. The former can be accomplished 
by calculation of the inhour versus period curve. The latter may be com­
pared by calculation of a factor such as the number of inhours per percent 
Ak/k. 

For small reactivit ies and two fissionable species, for example 
and U , the relation between reactivity and asymptotic period is 

^ a25 ^ Q 2 8 

3effi v ^ /3g££ 
1 -I- X25 T "*" Z ^ 1 + X?8x 

where X?̂  and Xĵ  are the decay constants of the i'th decay groups. These 
decay constants a r e often taken to be equal: X̂ ^ = X? .̂ If it is assumed that 
the delayed-neutron spectra of the delayed groups for a given fissionable 
species a re the same, then(48,55) 

)25 
effi P -I- D 

where P and D a re as previously defined for the total Pg££ calculation, 
D^̂  is the portion of D due to the delayed neutrons of U^^ ,̂ and a " is the 
fraction of the delayed neutrons from U"^ fission which is emitted into 
the i'th delayed group having decay constant Xf̂ , Analogously, 

Q 2 8 D ' 
"effi - P T ^ "̂ i • 

If spectral differences in decay groups are to be accounted for, 
then P , D, e t c , must be redefined. Information on detailed delay spectra 
of the decay groups is quite limited at present . Composite curves or 
mean energy values are therefore often used. 
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The ratio P(T)//3e££ gives the reactivit ies in dollars versus period 
in seconds, and p(T)/p(3600) gives the reactivit ies in inhour units versus 
period in seconds. 

Examples of reactivity-period curves for fast systems are those 
calculated(48) for a ser ies of fast cr i t ical assemblies fueled by U and 
having U^̂ ^ as an important diluent contributor (see Fig, 11), The curves 
a re for the range of the usual period measurements in mate r ia l -
replacement experiments. The sensitivity of the curve positions to the 
composition ratio is evident. This sensitivity also implies a sensitivity 
to choice of cross-sect ion parameters used in such calculations. 

Because the curves of inhour versus period equate the above curves 
at T = 3600 sec, the resulting inhour-period curves in the reported study 
of the fast assemblies were found to closely overlap in this range of period, 
as seen in Fig. 12. This would indicate that the reporting of data in inhours 
should remove much of the uncertainties that affect the value of an experi­
mentally reported reactivity that result from use of c ross-sec t ion cal ­
culational pa ramete r s . 

.002 

ASSEMBLY 22 

ASSEMBLY 25 

30 90 150 

REACTOR PERIOD, 
210 270 

SECONDS 

10 

i 1 

E \ 

: \ 

i 

1 

' 

0. 6F 

1 

1 

1 

1 

1 

; 

\ 
\ 

\ 

\ 

-

30 90 150 210 270 
REACTOR PERIOD, SECONDS 

Fig. 11. Curves of Reactivity versus Period for a 
Series of u'^^^-lueied Fast Assemblies 
(From Ref. 48) 

Fig. 12. Curves of Inhour versus Period for a 
Series of U^'^^-fueled Fast Assemblies 
(From Ref. 48) 



Comparison of experimental reactivity data with calculations neces­
sitate the conversion of inhour to percent Ak/k. This factor is obtained 
from the calculated value of p(T = 3600): 
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P(36O0) z 
D 2 5 , D 2 8 

Peffj + Peffj 
1 + X, 3600 

Ak 
per inhour. 

from which 

inhours/% Ak/k 1 
P(3600)' 

As examples are the ih/% Ak/k factors calculated for the ZPR-III 
fast assembl ies 6F, 22, and 25. These have been reported(48) as 433, 468, 
and 481, respectively, on the basis of use of a particular multigroup c r o s s -
section set . For comparison, calculations with a somewhat different multi-
group set gave values of 425, 458, and 468, respectively, indicating the 
sensitivity of this factor to c ross sections. It is interesting to note that 
the use of the separate Xj values for U and U are reported to increase 
these factors by 5 to 10 ih/% Ak/k. This appears to be caused by the fact 
that for those delayed groups having the X^ of the two species most different 
the abundance is greatest . 
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XV. SHAPE FACTOR 

Criticality calculations by one-dimensional analyses for other than 
infinite slabs, spheres, and infinite cylinders cannot be carr ied out because 
the dimensional separation of the spatial variables is not possible. Fur ­
thermore , for the case of, for example, a radially reflected finite cylinder, 
the axial leakage effects upon reactivity can be accounted for by int ro­
ducing the equivalent absorption, 

D - B^ = D . ^ , 
^•J 2 ''•J H | 

in all regions. Here Dj, ; is the diffusion constant of region r and group j , 
the extrapolated bare height of the cylinder is Hz, and B | is the axial buck­
ling. In most cylindrical sys tems, however, the presence of axial blankets 
or reflectors necessitates either an a pr ior i calculated or estimated r e ­
flector saving or more directly a two-dimensional R-Z coordinate analysis . 

Two-dimensional multigroup analyses, although desirable, a re 
costly and time-consuming, even with fast computing machines, if sufficient 
number of energy groups, as are often necessary properly to character ize 
the fast cross sections, are used. 

Because fully blanketed cylindrical cores of interest usually have a 
core height-to-diameter ( L / D ) ratio neither extremely large nor small , 
the system corresponds more closely in reflector effects and in reaction 
rates to an analogous reflected spherical core rather than to a one-
dimensional cylinder \vith axial reflector savings. 

In order to estimate a cylindrical cri t ical size from calculations 
of a spherical system having equal reflector thickness and identical core 
and reflector compositions, shape factor curves or auxiliary shape factor 
calculations are necessary. The shape factor may be defined as 

_ Volume of the spherical cri t ical core 
Volume of the cylindrical core of interest ' 

As this is a geometrical correction, it is not necessary, in general, to 
calculate the shape factor with the use of many energy groups. For most 
fast systems two or three energy groups should suffice if the few-group 
cross sections are obtained by group reduction based on weighting of a 
many-group flux solution. Thus, results of few-group, one-dimensional 
sphere and analogous two-dimensional cylinder calculation should enable 
the shape factor to be obtained. The few-group shape factor can subse­
quently be used to obtain an estimate of a many-group two-dimensional 
core size by use of the calculated many-group sphere system. 

file:///vith
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Shape factor curves for various bare and reflected systems based 
upon experimental data, have been published,(8) Shape factor curves have 
shapes approximately as sketched in Fig, 13, For a given core composi­
tion the shape factor of a reflected system is in general larger than that 
for the corresponding bare system. As core sizes decrease , the shape 
factors generally also decrease . 

The studies of Loewenstein and Main(58,59) discuss in detail the 
results of various calculations and approximations. 

0.9 

Fig. 13 

Sketch of the General Shapes 
of Shape Factor Curves 

~ 0.9 

^"7 
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XVI. FAST-THERMAL COUPLED SYSTEMS 

Before discussing react iv i ty- temperature effects in fast r eac to r s , 
the physics calculation aspects of coupled fast- thermal systems will be 
briefly presented. Interest in coupled systems isdue to the possibility of 
studying fast reactor propert ies without construction of a large-inventory, 
short-prompt-l i fet ime, all-fast cri t ical and to the possibility of using 
coupled fast power b reeders to combine the high breeding rat ios of fast 
reactors with the long neutron lifetime of thermal reac tors . 

The general coupling theory formulation has been developed by 
Avery. (60) £„ the overall reactor system kg££ is defined as the average 
number of fission neutrons in the next generation resulting from a single 
fission neutron. If one considers the cri t ical system to be composed of, 
for example, two subcritical par t s (in t e rms of spatial regions or energy 
divisions), then four integral pa ramete r s may be defined: kj, k2, ki2, and 
k22. Here ki is the average number of next-generation fission neutrons in 
division 1 resulting from a single fission neutron in division 1, and kj is 
the average number of next-generation fission neutrons in division 2 r e ­
sulting from a single fission neutron in division 2. We may then define 
Al = 1 - ki and Aj = 1 - k2 as the subcrit icali t ies of the respective divisions 
if for each division the other division is considered solely as a form of r e ­
flector with the absorption and scattering proper t ies but with v = 0. The 
remaining two integral pa ramete rs a re a measure of the coupling: k[2 is 
the average number of next-generation fission neutrons in division 2 r e ­
sulting from a single fission neutron in division 1, and analogously, k2i is 
the average number of next generation fission neutrons in assembly 1 r e ­
sulting from a single fission neutron in Assembly 2. 

Then, if Sj and S2 are the relative numbers of fission neutron 
sources in divisions 1 and 2, respectively, the overall cri t icali ty conditions 
of the systenn in t e rms of the above integral pa ramete r s follow from the r e ­
quirement that the following equations must be simultaneously satisfied: 

S i = k i S i kj . iS, 

and 

Hence, as 

( k n - 1 ) k i 2 

k21 ( k 2 2 - l ) 
= 0 

the crit ical condition is 

k,,k,, = A,A, ^12»^21 ^ l " 2 -
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At c r i t i c a l i t y the r a t i o of the f i s s i on n e u t r o n s o u r c e s in the two 
d i v i s i o n s is 

^ . k2, _ A2 

If, then , the d iv i s ion i s , for e x a m p l e , be tween p r e d o m i n a n t l y fast f i s s ion 
and t h e r m a l f i s s i on s p a t i a l r e g i o n s , 

^ F _ k s F _ ^S 

Sg A p k p s • 

The r a t i o S p / S g thus m a y be i n c r e a s e d and A p kept suff ic ient ly l a r g e by 
i n c r e a s i n g the coupl ing f r o m slow to fas t r e g i o n s . 

A quan t i ty of i n t e r e s t i s the d iv i s ion of r eac t i v i t y . C o n s i d e r the 
s y s t e m to be c r i t i c a l . Suppose then that Vi, the n u m b e r of n e u t r o n s p e r 
f i s s ion e m i t t e d in 1, to be changed by the f r ac t ion dVi/v^. Then the r a t i o 

6 k /dvi _ 
k / Vi ' °^'' 

i s def ined a s the f r a c t i on of the r e a c t i v i t y in d iv i s ion 1, and ana logous ly 
for the o t h e r d iv i s ion . C o r r e s p o n d i n g l y , a ; m a y a l s o be defined th rough 
the u s e of f luxes and adjoint f luxes a s 

JV J E XrvZi0dEdV 
0.1 = —r-^—zi . 

Jv JE X'P+v^i'PdEdy 

In t e r m s of the coupl ing p a r a m e t e r s it has been shown that 

^ 2 A Al 

a, = and a? = -:: :r'• 
' Al + A2 Al + A2 

The p r o m p t - n e u t r o n l i f e t i m e has a l so been shown to be e x p r e s s i b l e 

^zki , , , ^ l l l L _ , , , ^ ^ ( ^ , ^ 1 + i i 
Al + A2 Al -r A2 Al -r A2 

w h e r e £1^2 i s defined a s the a v e r a g e p r o m p t - n e u t r o n l i f e t ime for the p r o c e s s 
of a f i s s i on n e u t r o n in d iv i s ion 1 giving r i s e to a n e x t - g e n e r a t i o n f i s s ion neu ­
t r o n in A s s e m b l y 2, e tc . If, in p a r t i c u l a r , d iv i s ion 1 s igni f ies a fast f i s s ion 
s p a t i a l r e g i o n and d iv i s ion 2 a t h e r m a l f i s s ion s p a t i a l r eg ion , then i i and 
£2^1 ai 'e v e r y s m a l l r e l a t i v e to £2 and i i - , 2 , b e c a u s e the f o r m e r two p a r a m ­
e t e r s do not con ta in s l owing -down t i m e s . Then 
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£ = _ A ^ 4 + x ^ ^ . ^ 2 , 
Al -̂  A2 ^ Al -̂  A2 '-"•• 

which can be further simplified by noting that -̂ i_»2 =-^2, so that 

F r o m this it is noted that the prompt-neutron lifetime is then approximately 
equal to the prompt lifetime of the thermal part multiplied by the fraction of 
reactivity in the thermal part. 

It is instructive to point out some methods of calculations'"!^ of the 
various integral pa ramete rs by means of multigroup criticality codes. They 
i l lustrate examples of how criticality codes may be used to determine quan­
tities other than criticality conditions. 

The ttj for each of the i'th division, be it energy-wise and/or geo­
metr ical , may be obtained by calculation of 6kgf£ from crit icali ty by varia­
tion of the Vi by a fraction bvyvi. 

Then 

and 

I 

i^kgff 

6 vi/v1 

a^ = 1 

in the limit that all bv^Jv^ approach zero. 

The kj_>j may be obtained by use of the multigroup fluxes from a 
coupled crit ical calculation. From these fluxes the sources due to fissions 
in division i are then known. Then use these i'th division sources as applied 
sources in an inhomogeneous {v = 0) calculation. F rom the resulting calcu­
lated flux integrals over regions and groups together with the known values 
of (vZi) of the j ' t h division, the ratio of the sources is 

S i - j / S i = k i ^ j . 

Analogously, 

S i ^ i / S i = ki. 

Examples for which coupling analyses are useful a re schematically 
a fast fueled region having a filter (decoupling) region separating it from 
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either a surrounding thermal fueled or thermal moderating region. The 
Argonne ZPR-V cri t ical assembly(°^) and the Atomics International cr i t -
ical(63) £or the Advance Epithermal Thorium Reactor P rogram contained 
thermal fueled regions surrounding the fil ters. The Argonne coupled fast 
b reeder cr i t ical experiment(° 1) instead had thermal moderating region 
surrounding the filter. 

Although the coupled systems are only a very part icular form of a 
fast reac tor , a brief qualitative discussion of the neutronics will be given 
because the complexity of the interrelat ion of the fast, intermediate, and 
thermal neutrons is instructive in understanding various aspects of fast 
reactor neutronics in general. 

In the coupled power breeder experiment,(o 1) the central fast core 
region contained about 14 v/o U^^ ,̂ 15 v/o U^'*, and 41 v/o aluminum (to 
simulate sodium coolant). The surrounding filter of natural uranium was 
about 5 cm thick. The surrounding outer thermal moderator consisted of 
27-cm-thick beryll ium surrounded by a depleted uranium blanket to cap­
ture neutrons otherwise lost by leakage. Qualitatively, for this system 
the natural uranium functions as a b a r r i e r for the thermal and epi-
cadmium resonance region neutrons frona going from the beryllium mod­
erator to the fast core. Simultaneously, the filter allows fast core neutrons 
to t r ave r se the filter and enter the beryllium region to become moderated. 
F u r t h e r m o r e , because the beryll ium region is unfueled, the fuel for the 
thermalized neutrons is the U^̂ ^ present in the adjacent natural uranium 
filter. In this experiment a£ast - 0.96, a thermal - 0.04, and ip = 13 x 
10"^ sec. For the coupled ZPR-V experiment,(62) only ~25% of the r e ­
activity was due to fast fissions and ip = 39 x 10" sec. 



XVII. T E M P E R A T U R E E F F E C T S ON R E A C T I V I T Y -
SODIUM VOID E F F E C T 

In t h e r m a l r e a c t o r s i n c r e a s e in t e m p e r a t u r e , due to i n c r e a s e in 
f i s s i on dens i t y , p r i m a r i l y affects r e a c t i v i t y by two m e c h a n i s m s . One i s 
the d e c r e a s e d dens i t y of the fuel and m o d e r a t o r due to t h e r m a l expans ion 
upon hea t ing ; the t e m p e r a t u r e i n c r e a s e in the fuel i s t r a n s m i t t e d to the 
m o d e r a t o r . The o t h e r i s the i n c r e a s e d m o d e r a t o r t e m p e r a t u r e , tha t c a u s e s 
a shift in the q u a s i - M a x w e l l i a n d i s t r i b u t i o n of t h e r m a l i z e d n e u t r o n s t oward 
s l igh t ly h ighe r e n e r g i e s . The f i r s t effect r e s u l t s in r e a c t i v i t y change 
th rough change in l e akage and m o d e r a t i n g p r o p e r t i e s . The second effect 
c a u s e s r e a c t i v i t y change b e c a u s e the a b s o r p t i o n c r o s s s e c t i o n in the 
t h e r m a l - e n e r g y r eg ion g e n e r a l l y d e c r e a s e wi th i n c r e a s e d e n e r g y of the 
inc iden t n e t u r o n s . The i n c r e a s e in diffusion l eng th then r e s u l t s in i n ­
c r e a s e d l e a k a g e . 

F o r the c a s e of a l a r g e g r a p h i t e - m o d e r a t e d r e a c t o r , a va lue of 
- 2 .6 X 10"^ (Ak/k) / °C has been g iven( l ) for the s p e c t r a l shift effect and of 
about -2 ,8 X 10"^ A k / k / ° C for the v o l u m e - d e n s i t y effect. The l a t e r con­
s i s t s of -0 .29 X 10"^ A k / k / ° C due to dens i ty d e c r e a s e a s s u m i n g c o n s t a n t 
vo lume and of -1-0.095 x 1 0 " ' Ak/k°C due to the a c c o m p a n y i n g i n c r e a s e in 
vo lume due to c o r e l eakage . 

D e n s i t y - v o l u m e t e m p e r a t u r e effects a l so ex i s t in fas t s y s t e m s , but 
they a r e often s m a l l e r than in t h e r m a l s y s t e m s . The n u m e r o u s p o s s i b l e 
expans ions and dens i ty changes which c o m p r i s e the o v e r a l l effect a r e f r e ­
quen t ly ind iv idua l ly s m a l l and difficult to e s t i m a t e b e c a u s e of the s t r o n g 
dependence upon the p a r t i c u l a r s t r u c t u r a l c h a r a c t e r i s t i c s . 

The s p e c t r a l shift effect i s negl ig ib le in fas t r e a c t o r s b e c a u s e the 
n e u t r o n s p e c t r a a r e high in ene rgy , so that the effects of l a t t i c e v i b r a t i o n s 
in a l t e r i n g the s p e c t r a a r e negl ig ib le . 

Lack of the s p e c t r a l shift effect t o g e t h e r with f r equen t ly s m a l l 
v o l u m e - d e n s i t y effects has n e c e s s i t a t e d de ta i l ed c o n s i d e r a t i o n s of o t h e r ­
w i s e n u m e r o u s s m a l l t e m p e r a t u r e - r e a c t i v i t y effects . 

McCar thy(64) g ives the following b reakdown of the i s o t h e r m a l 
t e m p e r a t u r e coeff ic ients (in Ak/k /°C) for v a r i o u s d e n s i t y - v o l u m e effects 
in the c o r e and b lanke t of the F e r m i F a s t B r e e d e r R e a c t o r : 

C o r e : 

(a) Axial fuel expans ion : -2 .5 x 1 0 " ' 
(b) Radia l fuel expans ion ( sodium expuls ion) : - 0 .6 x 1 0 " ' 
(c) Dens i ty change of coolant and of s u b a s s e m b l y 

m a t e r i a l : - 7 .1 x 10" 
(d) S t r u c t u r a l expans ion : -6 .0 x 10" ' 
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Blanket: 

(e) Density change of coolant and of subassembly 
mater ia l : -3.3 x 10"' 

(f ) Growth of uranium: -0. 5 x 10"' 
(g) Structural expansion: -0.6 x 10"' 

An important contributor to the volume-density effect in fast, sodium-
cooled reac tors is the reactivity change resulting from decrease in sodium 
coolant brought about by density decrease with temperature or possibly by 
accidental sodium expulsion. An overall decrease in mean sodium density 
in the system can also occur by expansions of fuel rods, which causes a dis­
placement of the sodium. This effect is referred to as the sodium-void r e ­
activity effect. If reactivity increase accompanies sodium loss, the sodium-
void coefficient is considered positive; otherwise it is negative. This quantity 
is receiving much attention because of the possibility in some large fast r e ­
actors of having a potentially dangerous positive sodium-void effect. (65) 

The sodium-void effect essentially consists of two effects. One is 
the increased leakage which accompanies the decreased fraction of sodium 
volume. The magnitude of this effect diminishes with increased core dimen­
sions. The second effect is due to the shift in the fast neutron flux spectrum 
toward higher energies, resulting from the decreased inelastic and elastic 
moderation due to loss of some or all of the sodium. The resulting harder 
fast reactor spectrum tends to increase fertile fission, thereby adding r e ­
activity. The spectral shift can also increase reactivity because the ratio of 
fissile fission to core absorptions may be greater . Such can be the case, for 
example, in plutonium-fueled cores for which the fission cross section of 
plutonium is reasonably constant whereas the core absorption decreases with 
increasing energies. For U^'^- or U^^'-fueled systems this is less likely be­
cause energy dependencies of fission and capture propert ies a re closer. 

Yiftah and Okrent,(9) using a 16-group cross-sec t ion set, calcu­
lated that at a core size of about 3500 l i te rs the sodium-void effect 
becomes positive for the part icular Pu^^' oxide system studied. Examples 
of the sodium-void curves obtained by them are shown in Fig, 14, where 
the reactivity change is expressed in t e rms of 6 M C / M C , the fractional 
increment in cri t ical mass which would produce the same reactivity effect 
as the removal of the sodium. 

Calculations of sodium-void effects by the simple expediency of de­
creasing homogeneously the sodium content in a multigroup analysis con­
sisting of, for example, 16 groups can, of course, only be considered as 
indicative. Spatial distributions of the sodium voids, effects of scattering 
resonances of the core mater ia l s , and effects of absorption resonances need 
also be considered. The composite resonances of the various core mater ia ls 
may affect the self-shieldings differently, depending upon amount of sodium, 
Bhide and Hummel,(66) £or example, have re-calculated by means of the 
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n I I I 
POSITIVE Na COEFFICIENT 

CARBI DE­

CT xr J^-' 
,-cr 

a- ,^K„ 
NEGATIVE Na COEFFICIENT 

I \ I 

E L M O E p r o g r a m the p r e v i o u s l y 
r e f e r r e d - t o p l u t o n i u m ox ide - fue l ed 
s y s t e m by tak ing into accoun t the 
effect of the s c a t t e r i n g r e s o n a n c e s . 
They no ted tha t th i s l o w e r e d the 
va lue of the c a l c u l a t e d c o r e s i z e at 
which the s o d i u m - v o i d effect b e c a m e 
p o s i t i v e to 2500 l i t e r s . 

S o d i u m - v o i d effects m a y be 
m a d e m o r e nega t ive (or l e s s p o s i ­
t ive) by enhanc ing the r e a c t i v i t y 
effect of n e u t r o n l e a k a g e due to s o ­
d ium l o s s and by d i m i n i s h i n g the 
r e a c t i v i t y effect of s p e c t r a l h a r d e n ­
ing. (65,67-70) Thus , c o m p o s i t i o n s 
having s m a l l e r v o l u m e f r a c t i o n s of 
m a t e r i a l s o t h e r than s o d i u m should 
have g r e a t e r o v e r a l l t r a n s p o r t 
c r o s s - s e c t i o n d e c r e a s e wi th l o s s of 
sod ium. E n h a n c e m e n t of n e u t r o n 
l e akage ^vith l o s s of sod ium by cho ice 

of su i t ab le c o r e s h a p e s a l s o migh t be helpful. Reduc t ion in the amoun t of 
f e r t i l e m a t e r i a l in the c o r e should be helpful by r educ ing the p o s i t i v e s p e c ­
t r a l shift effect th rough d e c r e a s e of the fast f i s s ion c o n t r i b u t i o n of the 
f e r t i l e m a t e r i a l . D e c r e a s e of s t r u c t u r a l m a t e r i a l s o r u s e of s t r u c t u r a l 
m a t e r i a l s with v e r y s m a l l fast a b s o r p t i o n c r o s s s e c t i o n s a n d / o r with ene rgy 
v a r i a t i o n s which do not r ap id ly d e c r e a s e with i n c r e a s i n g e n e r g y should a l so 
d i m i n i s h the s p e c t r a l shift effect. 

1000 2000 3000 

CORE VOLUME. 1 i t e r 

Fig. 14. Reactivity Change Effected by Removal 
of 40% of Sodium from Plutonium Metal, 
Plutonium Oxide, and Plutonium Carbide-
fueled Cores with Steel Structure (Com­
posite Curves from Ref. 9) 

C u r r e n t l y the sod ium-vo id effect and i t s r e l a t i o n to o t h e r r e a c t o r 
c o n s i d e r a t i o n s (such as con t ro l , b r e e d i n g , safe ty , p o w e r , and e c o n o m i c s ) 
a r e not suff ic ient ly wel l unde r s tood . The p r e s e n t s t a t u s of the s o d i u m -
void p r o b l e m and, in addi t ion, the s u b s e q u e n t l y to be d i s c u s s e d Dopple r 
p r o b l e m a r e documen ted in p a p e r s r e c e n t l y p resen ted(^O) ^y n u m e r o u s 
i n v e s t i g a t o r s . 
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XVIII. DOPPLER EFFECT 

Another react iv i ty- temperature effect which is receiving consider­
able attention is the Doppler effect in fast r eac to r s . The energy dependence 
of the c ross sections of the fissile and fertile isotopes have a profuse 
resonance s t ruc ture beginning at near thermal energies and continuing well 
into the spectra l region of fast r eac to r s . These give r ise to the Doppler 
effect, which resul ts from the temperature broadening of the resonances 
coupled with the fact that the neutron flux at a resonance is highly self-
shielded. Resonance broadening increase the overall reaction rates by 
increasing the cross sections in the wings of the resonances. 

For small , highly concentrated, fast systems the Doppler effect is 
generally very smal l . The neutron spectra are at very high energies . 
Capture and fission resonances in both fuel and fertile isotopes a re highly 
overlapping, so that tempera ture broadening does not modify greatly the 
reaction ra t e s . The neutron energies of most importance to Doppler ef­
fects a re ~0.1 MeV in these cases.(^1) The effect a r i ses pr imari ly from 
fluctuations in resonance strengths and spacings. 

As systems become larger , density-volume effects diminish and 
the importance of the Doppler effect increases . The lowered spectral 
distribution then places some neutrons also in the energy region of sepa­
rated, but not necessar i ly experimentally resolved, resonances. In this 
composition region the question of whether or not the quantity of resonance 
capturing fertile mater ia l relative to resonance capture and resonance 
fissioning fuel mater ia l is sufficient to obtain a nonpositive Doppler effect 
is important. 

With still l a rger sys tems, especially those containing moderating 
elements such as carbon or oxygen present in carbide and oxide fuel and 
fertile ma te r i a l s , the spectra become sufficiently low in energy that part 
of the spectra lie within the energy regions of resolved resonances. In 
systems of this size and composition range, it appears most important that 
a sys tem have a reasonably large negative Doppler effect to insure a 
prompt-act ing reactivity decrease with temperature increase . For ex­
ample, in the relatively small , hard spectrum, EBR-II, the much larger 
and overall negative expansion effects of fuel, coolant, and structure over­
ride the small but positive calculated value of ~+0A x 10"' Ak/°C for the 
Doppler coefficient.('72) in contrast , a sof ter-spectrum, low-enrichment, 
large fast svs tem might have a value of ~-10 x 10"' Ak/°C for the Doppler 
coefficient.(^3) Relatively large negative Doppler effects may in such 
large sys tems be most important to compensate for very small expansion 
and leakage effects, and in some cases to counteract possible positive 
sodium-void effects. In addition, the possibility of inconsistent expansion 
in ce ramics due to cracking exis ts . It may be mentioned that power 
Doppler effects a re grea ter with ceramics because of the smaller heat 
t ransfe rs and capaci t ies . 



In any c a s e , i n so fa r as a m u l t i g r o u p D o p p l e r - e f f e c t a n a l y s i s i s 
c o n c e r n e d , the p r o b l e m is that of obta in ing s u i t a b l e effect ive g r o u p c r o s s 
s e c t i o n s a s a funct ion of t e m p e r a t u r e such tha t the r e a c t i o n r a t e s of the 
effect ive c r o s s s e c t i o n t i m e s the flux ob ta ined with t h e s e effect ive c r o s s 
s e c t i o n s r e s u l t in the c o r r e c t r e a c t i o n r a t e s as ob t a inab l e f r o m a v e r y 
d e t a i l e d fine g r o u p a n a l y s i s . A d e t a i l e d r e p o r t on the t h e o r e t i c a l and c a l ­
c u l a t i o n a l a s p e c t s of Dopp le r effect in fas t r e a c t o r s i s g iven by Nicholson.(74) 
A g e n e r a l review, of both e x p e r i m e n t and a n a l y s i s , is tha t of G r a v e s .("?5) 

R e c a l l tha t the D o p p l e r - b r o a d e n e d s i n g l e - l e v e l B r e i t - W i g n e r 
f o r m u l a for p r o c e s s x i s : (27 ,71) 

a ^ ( E , T ) = 0,{rjr)ip{ci,i), 

w h e r e 

exp I- - ^ 
Tfr(q, e) = — - r ; • dy 

(q - y)'] 

STT / 1 + y 

is an ob ta inab le t a b u l a t e d function and w h e r e 

Oo = 471 *2g p ^ p ^ 

The p a r a m e t e r s a r e 

*^ = "ftY -JT\xE, 

w h e r e /i is the r e d u c e d m a s s and E is the n e u t r o n e n e r g y in t he l a b ­
o r a t o r y s y s t e m , 

g = ( 2 J + 1 ) / 2 ( 2 I -F 1), 

w h e r e J is the spin of the compound nuc leus and I is the sp in of the t a r g e t 
n u c l e u s , 

q = ( E - E j A r , 
2 

and 

? = r /A, 

w h e r e 



A = .y4EkT/A 

is the Doppler width. 

The integral over a resonance for process x is 

r-Foo p p 
/ ax(E,T)dE = 27T^g^^ " "". 

J-co 

For an energy interval AE about E large compared to resonance 
Avidths and containing more than one resonance, the average cross section 
for the resonance process is 

r r 
2 „ * 2 n X ^.E^zs ^ y^^'^^ r ^at E R 

resonances 
in AE 

because each resonance contribution is essentially from a small energy 
interval about Ej^. If average resonance spacings S and average resonance 
pa ramete r s a re used, the formula becomes 

~x,E~(i )27r^*^ i^nry 

where the number of resonances, 

AE 
n = -3—, 

S 

and E lies within AE. The analogous expression for the compound 
nucleus is 

^E = ( I /S ) Z-n'-'K^-igF^). 

In the discussion of flux depletion at resonances, however, it was 
noted that 

0 ~ l /Ea(E) 

at sufficient distances from sources if we may assume constant collision 
density per unit lethargy. Also, if only a small region AE about E is con­
sidered, 0 ~ 1/13 (E) in AE, i.e., 0 a is approximately constant. Then the 
effective cross section, in A E, for resonance process x is 



a 

!^dE [^ 
eff . ^ A E ° _ ^ ° ' A E 
x ,E 

/ 
dE 

AE ^ ^ ° ^ ^ ^ 

and 

r 0(E)dE r 
;ff JAE _ 7AE 

dE 
o 

E AE ^ AE • 

The to ta l c r o s s s ec t i on is 

0 = ° a + ' ' s . 

w h e r e a^ r e f e r s to a b s o r p t i o n p r o c e s s e s and Og to s c a t t e r i n g p r o c e s s e s . 
The to ta l c r o s s sec t ion is often e x p r e s s e d as 

0 '̂  n o n r e s ' 

w h e r e Ononres inc ludes the s c a t t e r i n g and n o n r e s o n a n t a b s o r p t i o n 
p r o c e s s e s . The r a t i o Oj^onres/'^o, r e f e r r e d to as jS, is a f requen t ly u s e d 
p a r a m e t e r in Dopp le r effect a n a l y s e s .(74,75) F o r e x a m p l e , ( O X / ' ' ) A E rnay 
be e x p r e s s e d as 

The l a t t e r is of the f o r m of the function 

u s e d in c a l c u l a t i o n s of effect ive r e s o n a n c e i n t e g r a l s . The s e l f - s h i e l d i n g 
fac to r is 

a 
f = — 

x,E \ a j / \ a J 

^x,E (a J 
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In this introductory presentation only the treatment of the resonance 
t e r m s will be discussed. In any complete analyses interference t e rms be­
tween resonance and potential scattering must also be considered. 

For the case of resolved resonances these quantities a re , of course, 
related to the effective resonance integrals . These integrals have been 
based upon the narrow resonance (NR) or narrow resonance infinite ab­
sorber (NRIA) assumptions;(^6) that is , the average energy loss by elastic 
collision exceeds the practical width of the resonance, as is usually the 
case for the higher-energy resolved resonances. At the still lower-lying 
resonances where the average energy loss may be smaller than the p r ac ­
tical w^idth, the NRIA method t rea ts the absorber atoms as infinite in mass . 
Tables(^'7) and codes(78) for calculations of Doppler-broadened effective 
resonance integrals exist. 

For unresolved but separated resonances, the NR approximation is 
again used. The assumption of constant total collision over a resonance is 
valid for either the narrow well-separated cases or for the narrow closely 
spaced cases having spacing small compared with the energy loss . The 
stat is t ical distribution of neutron widths given by Por te r and Thomas,(^9) 

1 e-^A 
P(y) dy = --= — dy, 

'2Tr 

where 

T n / ^ n 

and r is the average reduced neutron width. The radiation width and the 
average level spacing a re taken to be constants. For the fission widths 
the value of the parameter a in the chi-squared distribution. 

P(y.a) = —TT, [-y] e 

/ a \ a a 
( j ) / a ^7 - ^ -2 y 

is not cer tain. Values of 2 and 3 a re used (a = 1 for neutron widths).W5) 

The region of strong overlapping is also treated by statistical 
methods.(^I'^'^-^S,80) Because of the large energy loss per inelastic 
collision, a process \which is important at these higher energies, com­
pared with the smaller spacing of the levels , the assumption of a constant 
total collision over any energy interval AE containing the resonances is 
again assumed. Then 0(E) a(E) is approximately constant and 

file:///which


eff 
°x,E 

^AE 

£xW 
a(E) dE 

M E 

dE 
a(E) 

as previously. Because of the strong overlapping of the many resonances, 
however, a(E) may be treated as a fairly smooth function with super im­
posed fluctuations, (Doppler broadening, furthermore, will reduce further 
these small fluctuations.) For example, widths are ~10 eV and mean 
spacings ~0.8 eV. Thus 

<< 1, 

so that 

a(E) a -F [a(E) - a] a 
a(E) - a 

and 

r)4-
The effective cross section in AE for process x is then expressible in 
the form 

eff 
'x,E 

/AE 

"x(E) 
a(E) dE 

/AE 

dE 
0(E) 

where only O-^a is a temperature-dependent te rm; other t e rms are un­
weighted and temperature-independent quantities. 

Because of resonance overlap it is necessary to use a distribution 
for the level spacings in addition to the average resonance widths and width 
distributions, 

It may be noted(73) that the resolved region in, for example, the 
fertile U^̂ ^ isotope is about from 5 to 1,000 eV, The unresolved but well-
separated region is about from 1 to 9 keV, In contrast , for the fissionable 
Pu^^' isotope the resolved region extends only to about 60 eV, 
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In concluding this limited presentation, the possible interplay of 
the sodium-void effect and Doppler effect should be mentioned. For ex­
ample, an excursion with loss of sodium may result in reduction of 
Doppler effect through shift of flux distribution toward higher energies at 
which the Doppler effect is less negative. 

In many fast zero-power facilities the fuel and fertile mater ia ls 
a re not homogenized, but a r e , instead, separate pieces. The possibility 
of fuel t empera tures exceeding fertile temperatures might result in a 
positive or, at least , less negative Doppler coefficient than in the homog­
enized case . 

Last , but not least , is the fast reactor melt-down hazard,(81) 
Because of the large fissionable mater ia l inventory, an excursion which 
would lead to fuel melting conceivably might produce a highly super­
cr i t ica l configuration. 
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